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ABSTRACT

This dissertation presents a method to address exact feedback linearization problems
based on the recursive application of approximate feedback linearization techniques. An ap-
proximate feedback linearization method is applied recursively to systems which are known
to be an exact feedback linearizable to obtain a family of exact solutions up to the p-th degree
utilizing the null space that appears as part of the computations. The coordinate transfor-
mation and feedback parameters are computed symbolically using a one-step approach in
multi-stage form. This algorithm is algebraic and computationally simpler than solving the
set of nonlinear partial differential equations. We employ the approximate feedback lin-
earization method to address the problem of circular orbit transfer to establish a family of
exact solution up to the p-th degree for continuous thrust circular orbit transfers. During
the recursive steps, patterns were detected in the approximate solutions as they evolved
illuminating a family of exact solutions to the circular orbit nonlinear feedback control prob-
lem utilizing the null space. It is shown that applying higher-degree feedback improves the
closed-loop system stability for the orbital transfer problem. The relationship between the
p-th degree exact solution obtained through the recursive approximations and a known exact
solution is illustrated where it is shown that two different exact solutions can have different
performance in terms of fuel usage leading to the possibility of optimization considerations
in selecting the desired exact solution. We also apply the approximate linearization method
to the more realistic elliptical orbit transfer problem and through simulation established

closed-loop system stability.



CHAPTER 1
INTRODUCTION

In this dissertation, we present a new strategy for designing controllers of a specific class
of nonlinear systems. As is known, there are many powerful methods for designing linear
systems. However, most physical systems have nonlinear dynamics. One common design
technique is to approximate the nonlinear systems as linear systems. To accomplish this,
we expand the nonlinear system in a Taylor series around a nominal point and retain only
the first-order terms. The higher-order terms are neglected. We then apply linear control
methods to the approximated linear system. The validation of the approximation depends
on how close the system is to the nominal point and the magnitude of higher-order terms
that were neglected.

Feedback linearization is a well-known method to transform nonlinear systems into an
equivalent linear system utilizing nonlinear change of coordinates and nonlinear feedback
such that in the new coordinates the transformed system is linear. However, the conditions
under which a nonlinear system has a linear equivalent are very restrictive and include only
small family of systems. In addition, the solution of the feedback linearization problem
requires the solution nonlinear partial differential equations (PDE) which is not straight
forward to obtain. Approximate linearization methods have been proposed that address the
restrictive conditions and limited applicability of the exact feedback linearization method.
Utilizing a particular approximate linearization approach in a recursive fashion as applied

to a system that is known to satisfy the restrictive conditions, we show how to approach the



exact linear solution asymptotically. In doing so for the orbit rendezvous problem, a pattern

was detected that allows us to parameterize all solutions.

1.1 Literature Review

Utilizing differential geometry methods, nonlinear control theories have been obtained by
many researchers including R. Hermann [1], R. W. Brockett [2], H. Sussmann [3], Arnold [4]
and A. Isidori [5]. In the late seventies, the problem of transforming a nonlinear control sys-
tem to a linear system through nonlinear coordinate transformation and nonlinear feedback
was reported in the literature. An important question that was addressed is when can a
nonlinear system be equal to a linear system under coordinate transformation and nonlinear
feedback. Krener [6] reported the necessary and sufficient conditions for nonlinear systems
of the form

x = f(x) + g(x)u, (1.1)

to be locally transformed to a linear system by a coordinate transformation. Hunt and Su
[7] showed that certain nonlinear systems can be locally transformed to a linear system by a
nonlinear coordinate transformation and nonlinear state feedback. Hunt, Su and Meyer [§]
found the sufficient conditions for globally transforming nonlinear systems to linear systems
under nonlinear coordinate transformation and nonlinear state feedback. Many concepts
and techniques in nonlinear system theory, such as input-output linearization, approximate
feedback linearization, zero dynamics, normal forms, and dynamic inversion grew out of the
feedback linearization point of view. The input-output linearization problem via change
of coordinates in the state was solved by Isidori and Ruberti [9]. In addition to possess-
ing restrictive conditions under which nonlinear systems have exact feedback linearization
solution, this method requires solving nonlinear PDEs which may be very challenging.
Since many systems did not satisfy the exact feedback linearization conditions, approx-

imate feedback linearization methods were introduced. Different approximate linearization



methods were proposed. One approach is extended linearization. In this approach, the non-
linear state feedback is designed such that the closed-loop eigenvalues are locally invariant
with respect to the operating points [10]. Another approximate linearization approach is the
pseudo-linearization method [11]. This method finds the linearizing transformations which
are effective on an entire set of operating points. The difficulty of the two approaches lie
in the parameterization of the operating points. Another proposed method is uniform ap-
proximation. The main feature of this method is an attempt to construct the new model
[12]. If the available model is not feedback linearizable, the model will be approximated by
the closest model which is feedback linearizable. This method works for nonlinear systems
that do not satisfy the involutivity conditions, but are linearly controllable in a neighbor-
hood of a set of equilibrium points. This approach constructs a model that is feedback
linearizable and that approximates the given nonlinear system uniformly with respect to the
set of equilibrium points. The drawback of this method is that finding a solution requires
solving nonlinear ordinary differential equations (ODEs). Another method is higher-order
approximate linearization developed by Krener [13]. In this method, the nonlinear system
is expanded in a Taylor series around a nominal point. Then a change of coordinate trans-
formation and state feedback for the nonlinear system is sought such as resulting system is
linear in the new coordinate up to degree of approximation that used in the Taylor series.
Krener derived the necessary and sufficient conditions for nonlinear systems to be approx-
imated to a linear system by coordinate transformation and state feedback. Karahan and
Krener [14] presented a solution for the approximate linearization problem. Other feedback
linearization methods can be found in Guardabassi and Savaresi [15] and Krener in [16].
This dissertation considers the approximate feedback linearization procedure developed
by Krener, et al. We utilize a symbolic method to solve the feedback linearization problem
based on a recursive application of the Krener’s approximate linearization method and pursue

a family of solutions through the use of the null space of the solution. The approach presented



differs from previous works of Deutscher and Schmid [17] and Karahan [13], [14] by seeking a
coordinate transformation and nonlinear feedback symbolically and explicitly parameterizing
the family of solutions.

The approximate feedback linearization methods were successfully applied to many appli-
cations and appeared in the literature. The approximate methods were employed in process
control problems in [18]-[19]. In [20]-[21] these methods were utilized in automatic flight
control. In [22]-[23] these techniques were applied to power systems, and in [24] to robot
control. In this dissertation, we address the orbit rendezvous problem.

Rendezvous and docking is an important element of spacecraft missions, such as large-
scale structure assembling, re-supply of orbital platforms and stations, repair of spacecraft
in orbit, and retrieval of spacecraft. The rendezvous problem includes orbital maneuvers
and trajectory control. The trajectory control can be grouped into the three categories:
free drift trajectories, impulsive maneuver trajectories, and continuous thrust trajectories
[25]. Many advanced methods have been proposed to solve the continuous thrust rendezvous
control problem. For example, a model predictive control (MPC) approach was used for
rendezvous and docking [26], [27]. The problem of optimal rendezvous has been studied by
many researchers in [28]-[29]. Adaptive control methods are presented in [30] and [31]. Other

rendezvous methods can be found in [32]-[33].

1.2 Dissertation Contribution

The main contributions are:

e This dissertation proposes a novel method to solve exact feedback linearization prob-
lems based on a recursive application of the approximate linearization method devel-
oped by Krener and utilizes the null space to generate a family of solutions. This
algorithm is algebraic and computationally easier than solving the set of nonlinear

PDEs.



e The second contribution of this dissertation is programming the approximate lineariza-
tion method symbolically while searching for and discovering patterns in the orbit ren-
dezvous problem. Furthermore, we determine key functions of the system parameters
that have significant bearing on the nonlinear transformation and error terms with an
eye towards improving performance (e.g., reducing fuel consumption) and extending

the range of operational applicability of the control solution.

e The third contribution of this dissertation corresponds to the implementation of the
approximate linear method to circular and elliptical orbit transfer problems. The
coordinate transformation and feedback parameters are computed symbolically using
a one-step approach in multi-stage form. During the recursive steps, patterns were
established in the approximate solutions. Furthermore, a family of exact solutions to
the circular orbit nonlinear feedback control problem were obtained utilizing the null

space.

e In many practical cases, satellites move in an elliptical orbits, so it is important to
solve the orbit transfer problem in these realistic cases. We applied the approximate
feedback linearization method and through simulation demonstrated that applying
higher-degree approximation improves the closed-loop system stability for the elliptical

orbital transfer problem.

1.3 Dissertation Outline

The dissertation is organized as follows: Chapter 2 presents definitions and mathematical
tools and describes the approximate feedback linearization method and formulates the algo-
rithm in matrix form. Also, this chapter presents an explanation of the exact linearization
method. Chapter 3 presents the method to solve PDEs to find exact feedback linearization

solutions. Chapter 4 presents the application of approximate linearization to the circular



orbit transfer problem. Chapter 5 presents the application of approximate linear method
to elliptical orbit transfer problem. Finally, Chapter 6 presents the conclusions and future

research work.



CHAPTER 2
PRELIMINARIES

This chapter reviews the mathematical definitions and theorems that are related to this

research.

2.1 Preliminary
Consider two vector fields f and g. The Lie bracket [f, g] is a vector field defined by

g, oOf

f.g] =5 f~ 5.8 (2.1)

where 98/ox and 9f /ox are Jacobian matrices. The first Lie derivative represents the derivative
of one vector field with respect to another and is denoted by ad (g) or Leg [34]. By induction,

we can show that

adig = [f, g]

adig = [f,[f,g]] = [f, ad;g] (2.2)

adig = [f, adf'g].

The second Lie derivative represents the derivative of a function with respect to a vector.
Let f be a vector field and A be a function. The Lie derivative of h in the direction of f is

given by
oh
8.’1:1- ’

L¢(h) =< dh,f >= X7 fi(x) (2.3)



where h(x) = h(z1, 2o, ..., 2,) and £(x) = (fi(X), f2(X), ..., fo(x))T.

Consider the nonlinear system

X =f(x)+ > gix)u, (2.4)
i=1
where x € R” is the state vector, u; € R for ¢ = 1,...,m are the control inputs and

u = (u; uy ...uy,)T. The system is at rest when x° = 0 and u® = 0. We assume f(x) and
g:(x) are smooth functions, in other words, have continuous derivatives up to the sufficiently
desired order over a given domain . Krener [6] derived the necessary and sufficient conditions

for the nonlinear system in Eq. (2.4) to be feedback linearizable. Define

QO(X) = Span{gb cee 7gm}

Q1 (x) = span{gi, ..., Em, adsg1, . .., adigm}

Q;(x) = span {ads’g;, 0<k<j1<i<m} (2.5)

forj=0,1,...,n—1.
Theorem 1: The system in Eq. (2.4) is feedback linearizable around an equilibrium point

iff
1. the distribution €2,,_; has dimension n; and
2. for each 0 < j < n — 2, the distribution £2; is involutive.

Proof: See Isidori [35].

Definition 2: The distribution €2; is involutive if there exists functions ¢ (x) € R such that

m n—2

[adlf?lgil’ ad’;QgiQ] = Z Z Ck ad]fcgi (2.6)

i=1 k=0



for any 0 < ki, ks <n—2and 1 <1iy,i5 < m.
Theorem 2: The system in Eq. (2.4) is approximately feedback linearizable around an

equilibrium point iff
1. the distribution €2,,_; has dimension n; and
2. for each 0 < j < n — 2, the distribution €2; is order p involutive.

Proof: See Isidori [35]
Definition 3: The distribution €2; is order p involutive if there exists functions c;(x) € R

such that

[ad]tflgin ad]fwgiz] = Z Z Ck adlt?gi + Op(x) (27)

for any 0 < ky, ks < n—2and 1 < 41,75 < m. The second condition in Theorem 2 is less

restrictive than in Theorem 1 that requires €2,,_5 to be involutive [17].

2.2 Higher Degree Approximation of Control Systems

We seek a nonlinear coordinate transformation and nonlinear state feedback for the non-
linear system in Eq. (2.4) such that the transformed system is equivalent to a linear system
plus higher degree terms of O?*1(x,u), where p is the degree of the approximation. Consider
the approximation up to the second-degree, p = 2. For this purpose, expanding the original

nonlinear system in Eq. (2.4) in a Taylor series around (x°, u") yields

X =Fx+Gu+fPx)+gPx)u+..., (2.8)
where
of .
Fi= | Gi=gx), andg:= (g1, 8m). (2.9)



We assume a coordinate transformation of the form
z=T(x)=x— ¢¥(x), (2.10)

where z are the transformed coordinates and ¢® (x) is a vector of second degree polynomials
in x. The goal is to find a coordinate transformation such that the transformed system will

be linear in the new coordinates as
z=Fz+ Gv+0O%z,v). (2.11)
The new input v is given by
v=a®x)+ (I+8Y(x)u, (2.12)

where a(®(x) and 81 (x) are comprised of polynomials of degree two and one in x, respec-

tively, and
SR
0 Do) D)
a( )(X)
aPx)=|"* and BV(x) = | . (2.13)
' W M
_%(2) (X)- Bir (x) e By (%)

For decoupled MIMO systems, the matrix B(!)(x) is a diagonal matrix. Since the nonlin-
ear system that we analyze in next section is a decoupled MIMO system, we consider the

decoupled case here. Taking the time derivative of Eq. (2.10) yields

7 —X — —X 2.14
Z=X Xx, ( )

10



from which it follows that

. L dp\ .
o (1 97)s
As shown in [14], if we find ¢ (x), a?(x) and B1)(x) such that

[Fx, o2 (x)] + Ga?(x) = fP(x) (2.15a)

(G, s, 9@ (%)] + G (%) ws = g (%) wi (2.15b)

are satisfied for i = 1,...,m, where G = [Gy, ..., G;], the second-order terms in Eq. (2.8)
will vanish yielding

7z =Fz + Gv + O%(x,u), (2.16)

which is equivalent to
%z =Fz+ Gv+ O%(z,v). (2.17)

The relationships in Eq. (2.15) are known as the generalized homological equations. If these

results are extended to an arbitrary approximation of degree p via

[Fx, @ (x)] + Ga® (x) = fP (x) (2.18a)
(Gius, ) (x)] + G PV (x)u; = gk P (x)us (2.18b)

forp=2,...,pandi=1,...,m, where G = [Gq,...,G], and

£ (x) — £ (x) — pz wf@ (%), (2.19)

11



and

p—1 _
7 B dple—r+1) (x B
gh MV x) =g" V) - 99" () - ( )g? D(x), (2.20)

hS]

the higher-order terms in Eq. (2.8) will vanish yielding
z=Fz+ Z G, v; + O (x, u). (2.21)
i=1

The transformed coordinates are given by
z=x->» ¢P(x), (2.22)

with

dP (x) = | : (2.23)

7(I;D) (X)

where x € R and ¢® (x) is comprised of p-degree polynomials in x. The new input v is

given by

v = Zp: o (x) + (I + zp:,@(p_l)(x)> u, (2.24)

p=2

" 0 0 (x)
(p) v Fim
o (x) = @z (x) , B Y(x) = ; , (2.25)
(p-1) (p-1)
_047(5 )(X)_ Br (%) oo Bmm (%)

where a®(x) and B~ (x) are comprised of polynomials of degree p and degree p — 1,

respectively. The terms f®)(x) and ggp ) (x) are nonlinear terms from the original nonlinear

12



system and f ](\’,) ) (x) and gg(]) (x) contain nonlinear terms that appear as artifacts after applying
the transformation.

In order to find the higher-order approximation, there are two approaches we can consider.
In the multi-step approach, we first ignore the third and higher-order terms in the Taylor
series expansion to find the coordinate transformation and nonlinear feedback for the second-
order system. After finding and applying the second-degree transformation, we find the
coordinate transformation and nonlinear feedback for the third-order system in the new
coordinates, including the third-order terms from the Taylor series of the original nonlinear
system and third-order terms remaining after applying the second-order transformation.
We continue this procedure recursively up to the p degree. In the one-step approach, we
consider all the terms up to the p degree in the Taylor series of the original system and find
the coordinate transformation in one step.

The advantages of a one-step procedure are that we do not need to transform higher-order
terms in the (x,u) coordinates which derives from the previous step to the new coordinates
(z,v). Therefore, we do not have to be concerned about finding inverse transformations.
Also, in a one-step procedure, we can readily remove the kernel space of the previous degree
of approximation.

The advantage of a multi-step procedure is that the dimension of the unknowns in each
step is less than the one-step procedure. This allows us to perform the calculations more
efficiently, especially important since we will implement the computations symbolically for
the orbital rendezvous problem. Our goal is to discover patterns in the successive approxima-
tion that illuminates a family of analytic solutions, hence the need to keep the computations
minimal at each step.

The computational method we implemented here is a multi-step recursive application of

the approximation method. Since the system was known to the exactly linearizable, at each

13



step the computational method eliminated all nonlinear terms up to order p. So, in essence,
we have a multi-stage, one-step algorithm, where p =2,3,...,p.

After obtaining the higher-degree linear approximation, we consider the closed-loop sta-
bility of the system. One common method to achieve desired stability is pole placement or

linear state feedback for the linear approximated system [36]
z =Fz+ Gv, (2.26)

by choosing
v=Kz+r (2.27)

where r is a reference input and selecting K appropriately for stability. After implementing

the feedback, the closed loop system is
z = (F+ GK)z + Gr. (2.28)

To show the importance of the feedback, we assume a second-order linearized system. If we
substitute z in Eq. (2.22) into the feedback law in Eq. (2.27) and substitute the input into

Eq. (2.24) we have
a?(x) + (T+ BV (x))u = Kx — K¢p?(x) +r. (2.29)

The feedback control will be

u=(I+ ﬂ(l)(x))_l(Kx — K¢ (x) —aP(x) +r)
(2.30)

= Kx — {8Y(x)Kx + Ko?(x) + a?@(x)} +r + O*(x,u).

Thus, the input control has a linear component for pole-placement plus higher-order terms for

the nonlinear correction. Another important characteristic of the resulting feedback control

14



law is we can find K in original coordinate instead of in z coordinates [37]. We assume
the states are available for use in the full-state feedback law in Eq.(2.27), otherwise we can

employ an observer.

2.2.1 Solving the Generalized Homological Equations

An important issue is how to solve the generalized homological equations. Consider a
second-degree linearization, p = 2, with four states, n = 4, and two inputs, m = 2. The

matrix form of the homological equation is

[Fx, p? (x)] + Ga? (x) @ (x)
[G1, 0@ (x)] + G180 (x)| = [V x)| - (2.31)
[Ga, 9@ (x)] + G265 (x) g5 (x)

where @ (x) € R, aP(x) € R?*!, and BV (x) € R¥*!. We can write

P (x) = AX, a?x)=AX, BV(x) =AX, B (x)=AX,

fOx) =FX, gl(x)=GiX, g(x)=G,X (2.32)

~

where A = [a;;] € R0 fori = 1,...,4, j = 1,...,10, A = [a;;] € R for i = 1,2,
j=1,...,10, and A = [a;] € R>** for i = 1,2, j = 1,...,4. Therefore, the unknown
parameters are [a;], [d;;], and [a;], also F € 10 G, € R4 and Gy € R4 are known

constant matrices, and

/

/
X = |22, 21y, ..., 22| €R? and X = {xh To, T3, x4] e Rt (2.33)

15



Substituting ¢ (x), a®(x), BV (x), f?(x), and gV)(x) in Eq. (2.32) into Eq. (2.31) and

gathering terms yields

M;(A, A F,G) 0 - F 0|
L X B X
0 M,(A, A, Gy) =10 G ; (2.34)
o X X
0 M;(A Ay, Gy) 0 Gy
or
M, F
M,| = |G| - (2.35)
M; G
Taking the Jacobian respect to the unknown parameters in Eq. (2.35) yields
La=b, (2.36)

where a € 1% is comprised of all the unknown parameters in A, A; and A, and L € R72x68
and b € 17 are known. As we consider cases for p increasing, the dimension of the linear
problem in Eq. (2.36) grows very rapidly. For example, for n = 4, m = 2, and p = 3, the
L € R140x160

To illustrate the procedure for finding the solution of the linear equation in Eq. (2.36),

consider the nonlinear system

= + u+ : (2.37)
To 0 0] [ao 1 Zx%

To find the second-degree approximation, the first step is to define

X = [z, 2129, 72%) and X = [z1, 72)". (2.38)

16



Then, define the coordinate transformation, nonlinear feedback parameters and second-

degree terms utilizing Eq. (2.32) as

ai1 Q12 Q13| — < - .
¢ (x) = X, a?(x)= {&11 a1z alg} X, B'(x) = [au, @n]X,

Q21 Q22 Q923

0 0 if_ 00
£ (x) = IX, gl = X. (2:39)
00 2 00

Next, we compute homological equations in Eq. (2.15) utilizing Eq. (2.39) to obtain

$2
—G91%1° + (2811 — G22)21%2 + (@12 — Go3) 22 _ = (2.400)
a1121% 4 (2821 + G12) 122 + (G21 + G13) 22 217
1221 + 20137
B — 0. (2.40b)
(C_Lgl + CNLH)Z‘l + (2@23 -+ C~L12)l’2
Eq. (2.40) can be re-written as
—ly1  (2a1; — Go) (@12 — Gn3) 0 0 003500
a1y (291 + G12) (@1 + dy3) 0 0 X 2000 0] |X
0 0 0 12 2a,3 X 00 000 |X
i 0 0 0 (EL21 + &11) (2@23 + &12)_ _0 0 0O 0_

17



Comparing term by term or, in expanded form, it follows that

—a91

o O

(2a1; — G22)

D=

(G192 — G23)

o O

>
[\

an
(2a21 + G12)
(@1 + ay3)
0

0
(2.41)

@12
20,3
0
0
0

(@91 + a11)

o o o o o o o o o o o o o o

(2a93 + a12)

As Eq. (2.41) demonstrates, each element on the left hand-side is a linear function of the
unknown parameters. Our goal is to find the unknown parameters. To this end, taking the

Jacobian respect to unknown parameters yields a matrix form given in Eq. (2.36), where

18



/

LeR"M a=\a, ap ai an G» G G 4o Gy an ap| €% andbe R
is the rigth hand-side of Eq. (2.41).

Generally, L in Eq. (2.36) is not full rank [38]. For instance, in the above example,
rank(L) = 10, hence is not full rank. There are two possible cases to consider in solving the

Eq. (2.36) for the unknowns. Suppose L € RP*? then
1. there is a solution if the rank([L, b]) = rank(L). In this case,

e There is a unique solution, if rank(L) = min(p, q).

e There are many solutions if rank(L) < min(p, q).
2. There is no solution if the rank(L) < rank([L, b]).

If the solution exists, the system is feedback linearizable up to the p-th degree. In most
cases, the rank(L) < min(p, ¢) [17], hence the solution is not unique and the kernel space is

nonempty. A relationship between the rank of a matrix and the kernel space dimension is

rank (L) + nullity(L) = number of columns of L. (2.42)

The unknown parameters, a, is found from

a=L"b+C N(L), (2.43)

where L™ denotes the pseudo-inverse of L, C = [¢;] € R is arbitrary coefficients, and N(L)
is the null space of L. A pseudo-inverse exists for any matrix [39], however when the matrix
has full rank, the pseudo-inverse result is obtained via a simple algebraic formula [40]. When

the matrix has full column rank, the pseudo-inverse can be computed as

Lt = (L*L)"'L*. (2.44)
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When the matrix has full row rank, the pseduo-inverse can be computed as

LT =L*(LL*)". (2.45)

When the matrix is not full column or full row rank, the pseudo-inverse can be constructed
as follows[41]. Let r denotes the rank of L where » < min(p, ¢). Then L can be decomposed

as

L =PQ, (2.46)

where P € R™*" and Q € R™" and P and Q have rank r. Then the pseudo-inverse is

determined by

L' = Q' P* = Q'(QQ) " (P'P)'P". (2.47)

Given that the null space of L is defined by

N(L) = {x € ®" : Lx = 0}, (2.48)

when a is a solution of Eq. (2.36), adding the null space will not change outcome as

La=L(L*b+ CN(L)) =b+0=b. (2.49)
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CHAPTER 3
SOLVING EXACT FEEDBACK LINEARIZATION PROBLEMS BY

RECURSION

This chapter presents an approach to solving the exact feedback linearization problem
that is used throughout this work. Although necessary and sufficient conditions for the
feedback linearization problems have been presented by Isidori and Krener [5], the solution
of feedback linearization problems requires solving nonlinear partial differential equations
which, generally speaking, is not straight forward. We employ a method to solve exact feed-
back linearization problems based on a recursive application of the approximate linearization
method developed by Krener [13]. We demonstrate the relationship between the recursive
application of the approximate linearization algorithm applied to problems known to have an
exact linearization solution and create a family of exact solutions. The recursive algorithm
is algebraic and computationally easier than solving the set of nonlinear partial differential
equations. The approach presented expands the previous work of Tall [42] , [43] and others

by parameterizing the family of solutions utilizing the null space.

3.1 Exact Feedback Linearization

Consider the nonlinear system in Eq. (2.4), and assume the nonlinear system satisfies the
conditions in Theorem 1 (in Chapter 2). In other words, the controllability and involutivity

conditions are satisfied. We begin by assuming a coordinate transformation of the form

z =T (x), (3.1)
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where z are the transformed coordinates. Our goal is to find the coordinate transforma-
tions and feedback parameters such that the transformed system will be linear in the new

coordinates as

2z =Fz + Gv. (3.2)

The nonlinear state feedback input u is given by
= G(x)+ Bx) v, (3.3)

where v € R™. Taking the time derivative of T(x) in Eq. (3.1) and using Eq. (2.4) and Eq.

(3.3) yields

= 700+ O g()(@(x) + Ax) v). (3.4)

Comparing Eq. (3.4) with Eq. (3.2) we find

g_i f(x) + Z—ig(x)d(x) =FT and a—i (x)B(x) = G. (3.5)

Equation (3.5) represents nonlinear partial differential equations (PDEs). In general, solving
for T(x), &(x), and B(x) is challenging when attempting to solve the PDEs directly. A simple
example illustrates this challenge.

Consider the nonlinear system

X = f(x) + g(x)u, (3.6)
where
I To + .CC12 — X1T3 T
X=|zy|, f(X)=| 23— 229+ 2,2+ 235 |, and g(x) = 0
XT3 —3[E1 + 21’2 — X3 + Toxs To + 1
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Note that £(0) = 0 and g(0) = 0 where x° = 0. Substituting f(x) and g(x) from Eq. (3.6)

into Eq. (3.5) yields

T 0 TQ
T : T or
| 0 B(x)= |0|, and 8_xf(X) + a—xg(x)a = |Ty| - (3.7)
1 D) 1 0

Expanding Eq. (3.7) we have the six PDEs

g—ixl + 2—2(1 L) =0

e (1) =0

(g—ﬁxl + g—fzu + x2>) Bx) =1

T, — g_i(@ + 22 — zy14) — g—i(m — 2129 + 75 + T3)

— 2—2(—31:1 + 2wy — 23 + T273) =0

Ty — g_:i(@ + 22 — xy14) — g—i(azg, — 21Ty + 73 + T3)

— Z—Z(—Bxl + 2wy — 23 + 2273) =0

g—fj(:cg + 22 — z133) + g—i(xg — 1129 + x5 + 23)
g—fz(—&cl + 2wy — x3 + Tox3)A(Xx) = 0.

It is clear that even in this relatively simple example, the PDEs are quite complex. So, it is
very challenging to obtain the solution directly.

An alternative approach to exact feedback linearization is to apply an approximate feed-
back linearization procedure up to order p, and then recursively apply the procedure and

let p — oo. The problem of approximate feedback linearization proposed by Krener [6] and
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Karahan [14] is our selected method of choice for finding a coordinate transformation and
state feedback such that the transformed nonlinear system is linear up to the degree p.

The main result of this approach is the following. Consider the nonlinear system in Eq.
(2.4) which satisfies the feedback linearization conditions in Theorem 1. The nonlinear state
and nonlinear feedback (the solutions of nonlinear PDEs) can be found using a recursive
application of a particular approximate linearization method, that is the method of Krener,
Karahan, and others. At each step in the recursion, all terms up to and including order p
are accounted for and eliminated. As we let p — oo, the complete solution approaches an
exact solution. Furthermore, through the use of the null space of the solution we can create
a family of exact solutions.

To see this, first assume the nonlinear system satisfies the exact feedback linearization
conditions in Theorem 1. Therefore, we know that the coordinate transformation and feed-
back parameters exist. The input in the exact feedback linearization method from Eq. (3.3)

can be written as

v =07 (x)(u-ax) (3:8)

—B7(x) &(x) = Z aP(x) and B '(x)=I+ Zﬂ(p_l)(x), (3.9)

where we let p — oo. The coordinate transformation and state feedback are given in Eq.
(3.1) and Eq. (3.3). Suppose that f(x) and g(x) are smooth functions and can be expanded

in a Taylor series up to order p as
o

f(x) = Fx + zp: f?(x) and g(x) =G+ > g¥ V(x), (3.10)

p=2
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where we use the assumption that £(0) = 0 and g(0) = 0 at x° = 0. Since we assume
that the conditions for exact feedback linearization are satisfied, we know that T(x) exists.

Taking the time derivative of T(x) in Eq. (3.1) yields

JT . oT ¢
; (p il (p—1)
2= 5 X (F + E f >+ I <G+ 22 g (X)) u (3.11)
and substituting Eq. (3.8), we find

z=Fz+ G (a(x)+ (I+8(x))u), (3.12)

where we note that a(x) := 37 (x)&(x) and B(x) := B!(x). Comparing Eq. (3.12) with
Eq. (3.5) yields the PDEs

g—z (Fx + pz; £ (x)> — Ga(x) = FT(x) (3.13)

o (c; > g<pl><x>) = G+ B()). (3.14)

From the exact feedback linearization theorem, T(x) needs to be a smooth differentiable
function. It is know that any smooth differentiable function can be represented by a Taylor
series. Expanding T(x) in the Taylor series, where T")(x) are the higher degree terms in

the Taylor series, yields

o0

x)=x-Y» TP(x), (3.15)

where T(0) = 0. Note that in order to satisfy Eq. (3.5), T(x) satisfies T o = I, and has

the form in Eq. (3.15). The proof is explained in Appendix B. Taking the partial derivative
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of T(x) in Eq. (3.15) with respect to x we have

T = 5T (x)
x Z .

Substituting Eq. (3.16) into Eq. (3.13) yields

(I—ZaTa )(Fx—i—Zf ) (x):Fx—FiT(p)(x)

p=2 p=2

Utilizing the Lie bracket definition, we can re-write Eq. (3.17 ) as

[Fx, ZT )]+ Ga(x) = i f<p>(x>—i% g £ (x),

p=2 p=2 p=2

where

and we note that

i % (Fx+ 2”: f(p)(x)> +F i T(p)(x) — (’)(erl)(X)

p=p+1

and

Therefore, we can re-write Eq. (3.18) as

p P p J-1 i
OTU—PHD(x)
p) _ (») _ Z= \ ep)
[Fx, N+ G g o £ (x) E 5 . £ (x).
p=2 p=2 Jj=3 p=2
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(3.17)

(3.18)

(3.19)

(3.20a)

(3.20b)

(3.21)



Expanding Eq. (3.21) we find

[Fx, T?(x)] + Ga'?(x) = fP(x)

(p—1) (2)
[Fx, T (x)] + Ga'” (x) = £V (x) — 0T6X f2(x) — ... — aaT—Xf(p_l)(x). (3.22)

Comparing Eq. (3.22) with the homological equations in Eq. (2.18) demonstrates these two
equations are equivalent. We can therefore conclude ¢¥)(x) is equivalent to the T®)(x).
Since the T()(x) exists, we can conclude ¢ (x) also exists. From this point forward, we
replace T (x) with ¢ (x).

Similarly, we can rewrite Eq. (3.14) as

G, ¢ (x)] + GBY(x) = gV (x)
9P (x) )

(G, ¢ ()] + GBY (x) = g (x) - =5 =g (x) (3.:23)
(G, 0" (x)] + GBI (x) = g (x) — wg;;_l)gl e ag;fg(’”) ().

At each step in the recursion, we solve for ¢ (x), a®(x), and BP~V(x), as p=2,3,...,p

in Eq. (3.22) and Eq. (3.23). For example, for p = 2 we have

[Fx,¢®(x)] + Ga®(x) = £ (x)

G, 6" (x)] + GBY (x) = g (x), (3.24)
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and for p = 3, we have

Fx, 69 (0] + Gal®(s) = £9x) - 220 g

G 6P (0)] + GBY (x) = g (x) - g (x), (3.25)

and so on.
As discussed in Chapter 2 (and shown in [17] ), the solution of the homological equation
generally has an associated null space. We consider now the null space in the solution

procedure as a pathway to create a family of solutions.
3.2 Null Space

Consider the state transformation

2=x= 3" ¢V(x) - 6 ) (3.26)

3
Il
[\

=

where ¢P)(x) represents the terms associated with the null space. Also, suppose that

p

Z o (x Z a (x

=8+ 30 A ), (3.27)

where a®(x) and 8?1 (x) are associated with the null space. The quantities ¢® (x) ,

a?)(x) and B~V (x) are the solutions of
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Expanding Eq. (3.28) for p = 2 gives

[Fx, P (x)] + Ga'?(x) = 0 and [G, ¢? (x)] + GBY (x) = 0. (3.29)

Note that if ¢ (x), a®(x) and B (x) satisfies Eq. (3.29), then ¢, (x), c;a®(x), and

c18W(x) also satisfies Eq. (3.29), where ¢; € R. Furthermore, for p = 3, we have

[Fx, ¢® (x)] + Ga'®(x) = 0 and [G, ¢ (x)] + GBP (x) =0 (3.30)

and ;) (x), coa®(x), and ;3% (x) also satisfies Eq. (3.30), where ¢, € ®. By including

the c; € R, e =1,...,p— 1, we can generate a family of solutions. In fact, with
d(x) = 1P (x) + 20 (x) + ...+ ¢, 10" (x), (3.31)
we can select ci, ¢, ..., c,—1 to enable the series to converge to different analytic functions.

We consider now the impact of the additional terms ¢ (x) in Eq. (3.26) on the ho-
mological equations in Eq. (3.13) and Eq. (3.14). Consider first Eq. (3.13), where we

have
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Following the same recursive strategy as before, we solve for p = 2 as

[Fx, ¢® (x)] + Ga® (x) = £®(x)
[Fx, ¢ (x)] + Ga'?(x) =0 (3.34)
G, 9 (x)] + GBY(x) = g (x)

G, (x)] + GBV (x) =0,

and then, for p = 3, we have

Fx, 6] + Gal¥ ) = 10 ) - 2O p g
[Fx, ¢® (x)] + Ga'¥(x) =0 (3.35)
G.69(0] + GO (x) - g x) — 22

(G, (x)] + GB® (x) =0,

and continue up to the desired degree p. The final solution is given by

a(x) = Z o (x) + Z cp1a?) (x)
Bx) = B"Vx) + Y BV (x) (3.36)
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3.3 Example

Consider the nonlinear system

Ty e”? —1 0
= + u, (3.37)
Ty az? 1
with a € 3 and
01 0 1g2
F = , G =  f(x) = |2 |, and gW(x) =0. (3.38)
0 0 1 1

First, we solve the problem using the recursive application of the approximate linearization
method, knowing that the problem satisfies the conditions of exact feedback linearization.
We apply the one step, multi-stage recursive method to linearize the system up to the fourth-

degree approximation, p = 4. For p = 2 in the homological equations in Eq. (2.18) we have

[Fx, P (x)] + GaP(x) = f? (x) (3.39a)

(G, 0P (x)] + GBY(x) = gV (x). (3.39D)

We are searching for ¢§2) (x), QS;Q) (x),a®(x) as functions of 2,2, x1x5, and x2. For example,
qb?) (X) = a1121% +a1071 29 +a1379%, where ay; are unknowns. For 3(Y)(x), we are searching for
functions of z; and x5 only. For this example with p = 2, L € R!®!! with rank (N(L)) = 1.

Solving the homological equations for p = 2 yields

1
07 (x) = 0,07 (x) = —5a3 , aP(x) = az} ,and O (x) = .. (3.40)
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Next, we compute the null space as.

1

N(Ly) = [—5, 0,0,:0, =1, 0,:0, 0, 1,: 1, 0],
which can be interpreted as
2
_ T
gb?)(x) -3 0 0 —1c123
—(9) =a 1T | =
¢2 (X) 0 -1 0 —C1T1%2,
3
where ¢; € R is an arbitrary constant and
.1'12
@) 2 and 30 o
av(x)=c [0 0 1] |zae| =azzand fYV(x) =c1 |1 0 = C171.
4
3

Adding the null space solution to Eq. (3.40) yields

1 1
oV (x) = —5ae 05 (x) = —3% ~ any,

aO(x) = az? + cial,  BV(X) = 73+ 11,

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

Next we solve for p = 3 in the homological equation in Eq. (3.35). Note that the higher

degree terms on the right hand side of Eq. (3.35) depend on the previous transformation,

#@(x). The solutions for p = 3 are

C
Dx) =0, ¢P(x)= "zl
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and

1
a®(x) =a czd +a2ie, + e 13, O(x) = qzyzs + §x§ (3.47)

The null space is computed as

1 . . .
N(L;) = [—57 0,0 0,:0, -1, 0,0,:0,0, 2,0,:1, 0,0], (3.48)
leading to
1'13
_53)(X) —5 0 0 0] |12 —50o}
g — ¢, = (3.49)
ég)(x) 0 -1 0 0| | z3 —ox1 2wy
Lo
x13
3 1) 2
a¥(x) = ¢, [0 0 2 O] = 2001175 (3.50)
73
3
Z1
6(2)(X) =C [1 0 0] 1% = cory? (3.51)
3

where ¢y € R is an arbitrary coefficient. Adding the null space solution to Eq. (3.46) yields

1 c 1
<Z5§3)(X) = —50231713 ) ¢§3)(X) = —51371953 - gfcg — Co s, (3.52)

1
¥ (x) = a 12} + a 222y + ¢ 23 + 2c0m122  and SO (x) = ey + 537% + o1}
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The solutions for p = 4 are

4 2a 4 8a Co C1 1
o1 (x) = Efff 65 (x) = Eﬁ@ 5 i} gaﬁx; - ﬂ$§17
and
11 7
aW(x) = a coxt + a cade, + fg riws + 2co w1 + 1—;1 T3,
8a c 1
3O (x) _Eﬁ + coxlwy + 51:1:1:53 + 69&3

The null space is computed as
1 ) ) i
N(Ly) = [_1’ 0, 0,0,0,:0, =1, 0,0,0,:0,0, 3,0, 0,:1, 0,0, 0],

leading to

and

at(x) = csz2ry? , fO(x) = ez
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Combining all the terms, we find that up to order p = 4, we have

1 1 2 1
P1(x) = —501$% 302961 + 5—537‘11 403x1
1 1 8
Po(x) = —533% — X1y — %xlxg — 69{;;’ — 3Ty + 5—5:6“;’3:2 — %aﬁx% - %xlxg’
1
— ﬂl’% — 631’131’2 (358)

a(x) = a:c% + clx% +a cle +a x%:cg + a;;’ + 262561&33 +a cgsﬁ +a cla::{’:cg

C1
— xé + 635612:622

11a 3
+ —— zia5 + 2c9 75 + B

118
8a

29

1
3
xlxz + x2 + c3x1”.

x1+02xx2+2 6

1
B(x) = z2 + c1v1 + 12172 + 5963 + oz, —

Now, we solve the problem using an exact feedback linearization method and compare the

solutions with the solutions above. Substituting g(x) in Eq. (3.5) yields

oT, , . 0T

T (x) = pr 0, (3.59)

which implies that 77 is only a function of ;. One possible function is 7} = x;. Substituting

Ty in Eq. (3.5) yields

1 1 1
T1:.CL’1, nge“ —1:$2 (-51’22—6%23—%%24—...),

a(x) = —azi, B(x) = e ™. (3.60)

Note that 77(0) = 0 and 75(0) = 0. Substituting ¢; = ¢2 = 0 and ¢3 = £ into Eq. (3.58)

yields

61(%) = 0, do(x) = —%x% sl (3.61)
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Comparing ¢1(x) and ¢o(x) with 73(x) and T5(x), we note that the recursive solution
matches the Taylor series expansion of Tj(x) and T3(x) up to order p = 4. In fact, as p
increases, the function ¢;(x) — 71(x) and ¢o(x) — To(x).

Another possible solution is Tj(x) = tan~! z1. Substituting 77(x) into Eq. (3.5) yields

1
Ti(x) =tan™" @1, Ty(x) = 14212 (€™ — 1),
2 362 )
d(X) = —CLZL’% + LZ (6362 _ 1)2 : 6(X> _ e—;vg(l + 1712)- (362)
(]. + l’lz)

This recursive solution matches the analytic solution up to degree p = 4 by selecting ¢; = 0,

co = —1 and ¢c3 = g—g. Again as p increases, the recursive solution approaches the analytic
solution.
Another possible solution is 73(x) = {7-. Substituting 71(x) into Eq. (3.5) yields
Ti(0) = 1o Ty = o (%~ 1)
X)=—, X)=—— (2 —-1),
! 1 + T 2 (1 + $1)2
2e7"2(e" —1)
~ 2 —x 2
a(x) = —ax7 + , B(x) =e (1 + x19). 3.63
(0 = —azf + 2 ) = e (L) (3.63)
Selecting ¢; = —2, ¢ = 3 and ¢z = —4(1 — g—g), the recursive solution approaches the

analytic solution. We see then that the proposed solution procedure involving the recursive
application of the approximate linearization algorithm when the system is exactly linearizable
leads to a family of solution using the null space approximation.

We proposed a recursive method to compute the nonlinear transformation and nonlinear
feedback for systems that satisfy the exact feedback linearization conditions. The coordinate
transformations and nonlinear feedback are obtained without having to solve the nonlinear
PDEs directly. We utilize the fact that when the original nonlinear model fulfills the exact
feedback linearization conditions, it also satisfies the approximate feedback linearization

conditions up to order p. We then applied an approximate feedback linearization method
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Figure 5.3. Controlled response of the transformed circular orbit states
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CHAPTER 6
CONCLUSION AND FUTURE WORK

Motivated by the approximate feedback linearization method, we presented a new ap-
proach to solve an exact feedback linearization problem. We utilized the fact that the original
nonlinear model satisfied the exact feedback linearization conditions. Therefore, the approx-
imate feedback linearization conditions are fulfilled. The proposed algorithm allows us to
compute the coordinate transformation and feedback parameters to transform a nonlinear
system into a linear one system to the desired degree. The first advantage of the approach
is that the algorithm does not require solving nonlinear partial differential equations. Fur-
thermore, our method leads to a family of linearizing transformation by utilizing the null
space. We demonstrate the relationship between the recursive application of the approximate
linearization and the exact linearization.

We implemented the approximate linearization method symbolically in MATLAB using
MuPAD. Solving the problem symbolically allows us to determine the key parameters of the
system that have significant effect on performance. In addition, the operating region of the
approximate system can be extended.

The approximate feedback linearization method was applied recursively to the problem
of circular orbit transfer. We found the coordinate transformation and feedback parameters
symbolically. As a result, we discovered patterns in the approximate solution as the order of
the approximation increased. Moreover, we found a family of solutions by employing the null
space. It was shown that applying higher-degree feedback improves the closed-loop system

stability for the orbital transfer problem and at some point the performance improvement of
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ever increasing higher-degree approximations diminishes, hinting at convergence to an exact
solution. It was shown that two different exact solutions can have different performance
in terms of fuel usage, leading to the possibility of optimization considerations in selecting
the desired exact solution. We determined the convergence conditions between the recursive
application of the approximate linearization and the exact linearization.

The approximate feedback linearization method was also applied to the problem of ellip-
tical orbit transfer. Owing to the fact that an ellipse can map to the circle, we utilized the
solution of circular orbit transfer problem to solve the elliptical orbit problem. We derived
the equations that shows the state-space variables relationship between the circular and the
elliptical orbit problem. We demonstrated for the orbital rendezvous problem the solution
is a recursive algebraic solution and through simulation established the closed-loop system

stability.

6.1 Future Work

Utilizing the null space solution of feedback linearization method leads to a family of
solutions. Future research will investigate various optimization criteria for choosing among
the possible solutions.

We applied the one-step multi-stage approximate feedback linearization method to the
orbital rendezvous problems. Future research should consider the proposed method applied

in other applications, such as robotics, flight control, power system and process control.
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Appendix B Proof

T(x) should satisfy the following equations:

oT oT

. f(x)+ 8—Xg(x)d(x) =FT
()8 = G (B.1)

We know T(x) is smooth and it can be presented by Taylor series as

T(x) = Ax—» TW(x), (B.2)
p=2
where A is computed from
oT
A=— . B.
ox x=x0 ( 3)

The proposed transformation in Eq. (B.2) should satisfy Eq. (B.1). Taking the derivative
of Eq. (B.2) yields

e (p)
oT _ A — Z oT (x), (B4)

Substituting Eq. (B.4) in Eq. (B.1) yields

Q>

> ®) (x >
(A - aTa—w()) f(x) + g—zg(x) (x)=F (Ax -y T® (X)) : (B.5)

p=2
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Appendix B (Continued)

Expanding f(x) and g(x) in the Taylor series yields

ox

(A—iw) (Fx+f(2)(x)+...)—l—a—;I;(G—i—g(x)—i-...

p=2

=FAx-F) TW(x).

p=2

Re-arranging yields

AFx + Af®(x)+... =FAx-F ) T"(x).
p=2
Comparing the first-degree term in both side of Eq. (B.6) yields
AFx = FAx,
which it follows that

AF =FA.

To satisfy Eq. (B.9), in general, A should be the identity matrix.

(B.6)

(B.8)

Similarly, the transformation in Eq. (B.2) should also satisfy the second equation in Eq.

(B.1). Taking the derivative of Eq. (B.2) and substituting Eq. (B.4) yields

i P (x R
(A -y aTa—”) g()B(x) = G,

p=2
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Appendix B (Continued)

Expanding g(x) in the Taylor series and assuming

A

B x)=1+B8Y(x)+B8Px)+..., (B.11)
we have

(A _ i M) (G+gPx)+...)=GI+BYx)+8%x)+...). (B.12)

= ox

Re-arranging yields
AG+AgV(x)+...=G+GBYX) +.... (B.13)
Comparing the first-degree terms in Eq. (B.13) yields
AG =G. (B.14)

To satisfy Eq. (B.9), in general, A should be the identity matrix.
Considering the two conditions for A from Eq. (B.9) and Eq. (B.14), we conclude A

should be the identity matrix. Therefore, T(x) has the form

o0

T(x) =x— Y TW(x). (B.15)
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