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Abstract

In this thesis, we will examine the properties of subelliptic jets in the Engel group of step 3. Step-2
groups, such as the Heisenberg group, do not provide insight into the general abstract calculations.

This thesis then, is the first explicit non-trivial computation of the abstract results.

il



Chapter 1

Background on the Engel Environment

One of the properties of Riemannian manifolds is that at each point, the dimension of the tangent
space is equal to the topological dimension of the manifold. For example, if the manifold is R",
the tangent space is also R™. If the manifold is a surface in R, then the tangent space at a point is
R2. Thus, there are no restricted directions in the tangent space. However, many real-world models
require restricted directions, because movement is limited. An example is driving a car [1]. This is
because a car cannot move laterally, restricting the direction of motion. One other model is how the
human brain processes visual images [5].

We then use sub-Riemannian spaces, which are spaces having points where the dimension of the
tangent space is strictly less than the topological dimension of the manifold. We will consider sub-
Riemannian manifolds with an algebraic group law, called Carnot groups.

In Bieske’s paper [3], a sub-Riemannian maximum principle is proved for Heisenberg groups. Later,
n [2], this maximum principle is proved for general Carnot groups. In the time between these two
papers, it was discovered that the Heisenberg group and so-called “step-2 groups” do not have a
sufficiently mellifluous geometry, resulting in these groups being inadequate concrete examples. In
this thesis, we explore the step-3 Engel group, which allows us a more concrete understanding of
the abstraction found in [2].

We start in R* with coordinates (1, 2o, x3,24) and for a € R, let

u=u(zr1, 2,3, r3 + —xg r1 + a@))

1
2
n = n(ry, T2, o

1
m = (xlv Z2,x3, < 5 ax3 -+ 7$1(.7]1 -+ afI,'Q))

1
5:31 + amg).



Consider the linearly independent vector fields

.0 mo 0
o0x1 2 Oxs 0xa
Xzzai—l-x;;;—l—mé;;
nggzg-i-n(fm
and X4:£l.

These vector fields obey the relations

[Xl,XQ] = Xg, [Xl,Xg] = X4, [XQ,Xg] = OéX4, and [Xl,X4] =0fori= 1, 2, 3.

The vectors and these brackets form a Lie algebra, represented by g, that has a corresponding de-

composition given by

g = VieoVe® Vs
where the vector space V; is given by

Vi = span { X1, Xo}
Vo = span { X3}

and V3 = span {X4}.

Note that [V, V1] = Va, [V4, V2] = V3, and [V1, V3] = 0.
This Lie algebra, has an inner product that orthonomalizes the basis { X1, X2, X3, X4} denoted
by (-, ). Itis given by the symmetric matrix

kin k12 ki kia
kiz koa kog koa
ki3 kos ksz kaa
kia koo k3s kaa




where

2 2
1
kn:l—i-u(u—nxg)—&-%(:n)
1+ n?)zizy 1
kis = —mu — w+2n(ux1 + maxg)
1 2
klg__nu+<+;>x2
nw
k14:u—72
1 2\ .2
l<:22:1—|—m2—mn551—i—(—{ZZL):E1
1 2
PR G s L2
2
nT
k24:—m+71, kss=1+n? ks=-n
kqqa = 1.

The exponential map, which allows us to relate this Lie algebra to a Lie group called the step-3

Engel group, takes a vector from the Lie algebra at point p, say X, and relates it to a unique integral

curve given by ~(t).
7(0) = p.

The relationship is defined as exp (X,) = (1) where 7/(0) = X, and

THEOREM 1.1 The exponential map exp: g — G is the identity map.

Proof. Let~y(t) = (71(t),v2(t),v3(t),v4(t)) be a curve. Suppressing the parameter ¢, we compute:

2 _md N
9z, 2 O3 V1,725,773, 072

2 8132 2 01'3 Y1,72,73, 81‘4
< 0

i_i_ ( Oé)i + a4 —
D3 n{vyi, 72, 024 48904

0 0 —a a 0
:a1x+a2+< 172+71 2+a3>

8 1 8:132 2 2 87{[:3
. a1y 417172 aal’)’22 _aazys CLQ’Y12
2 12 12 2 12
Qazy1y2 | a3yl Qaz’ye 0
Tt Ty T a’“) D4’



Thus the initial value problem

is equivalent to the initial value problem

Nt =a
Y5(t) = az
—a a
V() = 21’72 + 712 2 1 g,

/ a3 ai1viy2 04@1’7% aa27y3 CLQ’Y% aa2v17v2 a3y aagzy2
n)=-="-"qg--"@ -9ttty Tt tm

7i(0) =0 for i =1,2,3,4.

Through integration,
’yl(t) = ayt and ’)/2(75) = aot.

Substituting, we get v5(t) = ag and so

~v3(t) = ast

and v} (t) = a4, giving
74(t) = a4t.

Thus, v(t) = (a1t, ast, ast, aqt) and so y(1) = (a1, az, as, as). So
exp(a1 X1 + ag X + a3 X3 + a4 Xy) = (a1, a2, as, ay).

0

The non-abelian algebraic group law is supplied by the Baker-Campbell-Hausdorff formula [10],
which is given by
1 1 1
eXpX *CXpY - CXp(X +Y + §[X7 Y] + E[X7 [Xv Y]] - E[Y7 [Xa Y]])
The higher order brackets are zero because they will all involve bracketing with Xj.
PROPOSITION 1 For p = (x1,x9,x3,24),q9 = (Y1, Y2, Y3, y4) € G, the group law is

1 1 1
Pxq= <x1+y1,x2+yz,x3+y3+2u,$4+y4+2v+12#(901+ax2y1 ayg))
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where © = (z1y2 — x2y1) and v = (J)lyg — x3y1 + a(zoys — iL'3y2))

in the embedding space R,
Proof.

p*xq = (z1,22,23,24) * (Y1,Y2, Y3, Ya)

= exp <551X1 +xoXo +23X3 + $4X4> exp <y1X1 +yoXo +y3 X3 + y4X4>
= exp((a:le + 29Xo + 23 X3 + 24 X4) + (11 X1 + y2 X2 + y3 X3 + yaX4)

1
+ §[x1X1 + 29 X0 + 23 X3 + 24 Xu, 11 X1 + y2Xo + y3X3 + ya X4

1
+ ﬁ[xle + 29 X9 + x3X3 + 24Xy,

[21X1 + 22X + 23X3 + 24Xy, 1 X1 + y2 X2 + y3X3 4+ y4X4]]

1
- E[lel + Y2 Xo + y3 X3 + ys Xy,

[21X7 + 22X + 23 X3 + 24 X4, 11 X1 + y2Xo + y3 X3 + y4X4H> .

The only non-zero Lie brackets for

21 X1 + 20X + 23 X3 + 24 X4, y1 X1 + y2Xo + y3X3 + y4.X4] are given by
z1y2[ X1, Xo| + x1y3[ X1, X3] + xoy1 [ X2, X1] + z2y3[Xe, X3] + z3y1[ X3, X1] + 23y2[X3, X9]
= x1y2 X3 + 21y3 X4 — o1 X3 + axoys Xy — w311 Xg — awsys Xy
= (z1y2 — m2y1) X3 + (2193 — 2391 + a(T2y3 — 2312)) X4
= pXs3 +vXy.
The only non-zero Lie brackets for
[21X1 + 22 X2 + 23X3 + 24Xy, [11 X1 + 22 X0 + 23 X3 + 24 Xy, 1 X1 + 12 X2 + y3X3 + y4X4]]

are

w1 X1, Xa] + wop[Xo, Xa] = (z1p0 + axop) Xy.

Finally, the non-zero brackets for

1 X1 +y2Xo 4+ y3 Xz +yaXa, (11 X1 + 20 Xo + 23 X3+ 24 X4, 11 X + 12 X0 +y3 X3 + ya Xy4]] are

Y[ X1, X3] + yop[Xo, X3] = (y1p + ayop) X4



Plugging these values into the formula, we get exp <(x1X1 + 29 X9 + 23X3 + 24Xy) + (1 X1 +

Y2 X2 + y3 X3 + y4X4) + %(,qu + VX4) + %(xl,u + OZCCQILL)X4 — %(ylu + aygu)X4>.

Combining like terms, we get

exP<(:c1 +y) X1+ (22 + y2)Xo + (23 + ys + 3p) X3 + (24 + ya + 5V + Sp(z1 + axg) —

Sy + Oéy2))X4>-

The proposition then follows since the exponential is the identity. ([l

COROLLARY 1.0.1 The identity element under group multiplication is (0,0,0,0) and the inverse

element is (—x1, —x2, —X3, —X4).
The next theorem tells us how the group law interacts with our vector fields.

THEOREM 1.2 Letp = (x1,x2,x3,24) € G be any point and let 0 be the identity element. The map
L, : G — G is left-multiplication by p and DLy, its derivative matrix. Then, X;(p) = DL, X;(0).

This means the vector fields { X1, X2, X3, X4} are left-invariant.

Proof. Using the group law above, we compute for points p = (z1, x2, x3,z4) and

q = (Y1,Y2, Y3, Ya):

10 —% —m23+112<—x2(x1+ax2—y1—ay2)—u

b — |01 3 —%Z?’aJrTl?(m(lera:cz—m—ay2)—ocu
p=
zy x9
0 0 1 7+a7
0 0 0 1
and so
10 —% —%—ﬁzg(m—i—aa&g) 10 —$22 u(zxy, re, T3, @)
DL (0) = 01 % —%a—i-%gxl(xl—i-amg) B 0 1 % m(z1, 2, T3, )
»(0) = —
00 1 B+ o 00 1 n(z1, 2, a)
00 0 1 | oo o 1 |
Because X;(0) = a‘zi , the theorem follows. O

The tangent space to our Engel group, having topological dimension 4, is V1, because those are

the generating vector fields. It has topological dimension 2, so we have a sub-Riemannian space.



There exists a natural metric on G, given by the Carnot-Carathéodory distance. For the points p

c(p,q mf/ I+ (t)]1dt

where T is the set of all curves ~ satisfying v(0) = p, v(1) = ¢ and 7/(¢) € V;. Chow’s theorem

and ¢,

[1] tells us that do(p, q) is a metric. By the previous theorem, this metric is invariant under left
multiplication.

We now turn to calculus. Define a smooth function f : G — R. Because of the Lie brackets,
vectors in V; are i™ order derivatives, with respect to the parameter of the curve ([1, Prop. 5.16]),
where i € {1, 2, 3}. The horizontal gradient, consisting of first order derivatives, uses only X and
X9, so

Vof = (X1f, Xaf).
We note that this agrees with having V) as the tangent space for horizontal curves.

We use a symmetrized horizontal second derivative matrix, (D? f)*, with entries given by

N 1
(D2f)),; = 2<Xinf + Xinf>
for 7,7 = 1, 2. In our Engel group,
D D
D2y = | T (1.0.1)
Doy Do
where
o f O f O f o f xo Of w3 0°f | L0°f
Dy = _ _9 T2 0] | 0]
N 52 T 2000w Owi0rs | 0ws0zs | 6 Oag +3 o2 TV o
0% f ry O*f 0% f T2 0% f 0% f
D1ig = Dyy = — m —u
8m18x2 2 83018:1:3 (9.%18.%’4 2 83028303 81‘261’4
_Tu + mxo 82f _T1T2 82f um827f ary — T aij“
2 83738364 4 8:(:3 8:(:?1 12 0%y
and
0% f 0% f 0% f 0% f —azy Of 22 0*f K, 02 f
Dy = 2 S v Sy
22 31:% + o O0x20x3 + m8x28x4 + $1m8x38x4 + 6 Oxa + 4 3:1:% tm 3:6?1

Further, let the semi-horizontal derivative be given as

vlf = (lea X2f7 X3f)

and note this involves vectors in V7 and V5.



DEFINITION 1.0.1 A function f : G — Ris C2, if V1 f and X; X, f are continuous fori,j = 1,2.

A function that is Cfub is not necessarily C? in the Euclidean sense. For instance, the function
f(x1,29,23,24) = (x3)2 is not C? in the Euclidean sense at the origin, since the (Euclidean)

second derivative is undefined. But we have the following proposition:
PROPOSITION 2 The function f(x1,x2,x3,24) = (953)% is C’fub in the Engel group.

Proof. Using Theorem 1.1 and Proposition 1, get

d
=0

X1£(0,0,0,0) = £ 7((0,0,0,0) % exp(tX1) °
t=0

=0.
dt

t=0

d
= %f(tv 07 07 0)
t=0

Similarly, X»£(0,0,0,0) = 0 and

= 0.
t=0
We now need to check X;X;f(0,0,0,0) for i,j = 1,2. Using the Baker-Campbell-Hausdorff

X5/(0,0,0,0) = g(t)%

formula, we get

82
X1X5f(0,0,0,0) = W@sﬂ(o’ 0,0,0) x exp(tX7) * exp(sX2)
s,t=0
o 1 9 (1 \2
= — tX X —stX. = —st
gios ! (EPUXL + s Xo 4 56t Xy)) 0t88(25>
s,t=0 s,t=0
1
o (3t/1 \2
s=0/ 1t=0
Similarly, X»X; £(0,0,0,0) = 0. For X; X1 £(0,0,0,0) we have
62
X1X1£(0,0,0,0) = %f(((loa(),o) * exp(tX1) x exp(sX1)
s,t=0
0? 0?
gras! (Cxp((s D X)) o105 0
s,t=0 s,t=0
with the same for X2 X5 f(0,0,0,0). The proposition is proved. O

With the above derivatives and using the Engel divergence, which is the sum of our vectors spaces

X1 and X5, we define the horizontal p-Laplacian of a smooth function f for 1 < p < oo by
Apf = div([[VofIP*Vof) = X1(IVofIF7* Vo f) + X2 Vo fI[F*Vof)
= X1([VofIF2X1f) + Xa(IVo I[P X2 f)

= [Vof P (Xa X1 f + XoXo f) + (0 = 2)[IVo fIFTH(D*f)* Vo f. Vof).



Letting p run to infinity gives us the infinite Laplacian, defined as

Asof = {(D*[)*Vof,Vof).



Chapter 2

Carnot Jets and Viscosity Solutions

Following [2], we have the Taylor Theorem:

THEOREM 2.1 For a smooth function f : G — R, the Taylor formula at the point pq is:

—

F(9) = £0) + (V£ 0)og 2) + 5D (0)) 25 0259 + ol(dlpo,p))?) 0.1

where p, Ly is Po Ly projected onto Vi and Do Ly is Do Ly projected onto Vi & Va. We remind our-

selves that the exponential mapping is the identity.

Proof. Letp = (w1, %9, 23, 74) and pg = (29, 29, Ig, 29). Following [3], we will rewrite the Taylor

polynomial as:

f(p) + o((d(po,p))*) =f(po) + (z1 — 29) X1 f (po) + (x2 — 29) Xa f (po)+

1 1
(12— a8+  ond = o)) o) + o1 — 2,601 o)

+ 5o — AP Xa X (o) + 5 (1 — ) (2 — 29) X2 Xof (o)
+ 5o — )2 — 29X X, f (o)

10



and we will call the right side polynomial P(p). We then have
XiP() = Xaf(po) + 5a8Xs (p0) — 322X o)
+ (21— 29) X1 X1 (o) + %(3«“2 — 3)X1Xa f(po) + %(xz — 29) X2 X1 f(po)
XaP() = Xaf(po) = 509%af (o) + 301 X/ ()
+ (22 — 29) X2 Xo f (po) + 1(901 — %) X1 X2f (po) + %(1‘1 — ) X2 X1 f(po)

2
X3P(p) = X3f(po)

X1X1P(p) = XiXif(po)

XoXoP(p) = XoXof(po)

Xo X1 P(p) = —%Xsf(po) + %X1X2f(po) + %XQle(po)
and X1 XoP(p) = %X:sf(po) + %X1X2f(p0) + %X2X1f(p0)-

We then have X1 P(po) = X1f(po), XoP(po) = Xaf(po), and X3P(pp) = X3f(po). And we
have X1 X1 P(po) = X1 X1/ (po), X2 Xa2P(po) = XaXaf(po), and 3(X2X1P(po)+X1X2P(po)) =
%(Xngf(po) + X2 X1f(po)). Note also that since X3 = [X1, X3], we have X1 XoP(pg) =
X1Xof(po) and XoX1P(py) = XoXi1f(po). By definition, Equation (2.0.1) gives the second-
order Taylor polynomial.

0

Because smoothness is too restrictive of a requirement we use the following definition to introduce
some flexibility. This definition will invoke Taylor polynomials. Let us recall a function f is defined

to be upper semicontinuous if

limsup f(z) < f(zo)

T—rT0

and a function g is defined to be lower semicontinuous if

liminf g(z) > g(x0)

T—xQ

Using these functions, we are able to define the superjets of our space.

DEFINITION 2.0.2 Let f be an upper semicontinuous function f : G — R and let S? be the set of
all 2 x 2 symmetric matrices. Forn € Vi ® Vo and X € S?, then the following inequality motivates
the definition of the second-order superjet.

—_— —
-1
0

F(p) < F(p0) + (m.p5 'p) + (X, 05 'p) +o(dlpo )y asp = o (202)

11



The second order superjet of f at po, denoted J* f(po), is defined as
J*F f(po) = {(n,X) C (Vi ® Vo) x S? : Equation (2.0.2) holds}.

There is also the second-order subjet of the lower semicontinuous function g at pg, which is repre-

sented by J%~g(po), and is defined by

J*"g(po) = =J*(=g)(po).

Note that in (2.0.2) the inequality will flip to >. The set-theoretic closure of .J%* f(pg), which will
be denoted 7 f(po), is given by (19, X) € T f(po) if there is a sequence {(pi, f(pi), i, Xi)} €
G xR x g x S? so that as i — oo, then {(p;, f(pi), i, Xi)} — (po, f(po),n, X) with (n;, X;) €
J%% f(p;). Given an upper semicontinuous function f, we define a set of test functions that touch f
from above at pg, denoted by 7T A(f, pp) and given a lower semicontinuous function g, we can also

define a set of test functions that touch g from below at pg, denoted 7 B(g, po). Thus:

TA(f.po) ={¢:G—=R:¢€Cl(po), d(po) = f(po) and ¢(p) > f(p) for p near po}

and

TB(g,po) ={¢:G—=R: ¢ € Cay(po),d(po) = g(po) and ¢(p) < g(p) for p near po}.

Thus we can define another pair of sets, K> f(po) and K>~ g(py), where

K**f(po) = {(Vig(po), (D’¢(po))*) : ¢ € TA(f,p0)}
and K*>“g(po) = {(Vié(po), (D*¢(p0))*) : ¢ € TB(g,po)}-

These definitions motivate the following lemma, from [2]. The proof is excluded.

LEMMA 2.1 [2, Lemma 2.2] Also see [6]. Given an upper semicontinuous function f and lower

semicontinuous function g, then

J* T f(po) = K**f(po) and J* g(po) = K> g(po).

These jets will prove to be very useful in creating a type of solution to partial differential equations.

In general, a k-order partial differential equation is solved by a classic solution if there is a k-times

12



differentiable function on an interval that satisfies the conditions of the equation. For instance, the

first order differential equation with u : R — R

0
gu +u =0, where u = u(x,y)

ox
has a solution of

u=e *f(y), where f(y) is an arbitray function of y

This is a classical solution over the region R? [9]. Unfortunately, there are a great deal many
partial differential equations for which the classic solution does not exist. For instance, the Eikonal
equation from [8], given by

|u/(z)| =1, forze (-1,1),

with initial conditions u(—1) = (1) = 0. This equation does not have a differentiable function
which satisfies the equation over the interval (—1,1)[8]. However, if we relax the requirement of
differentiability to only requiring continuity, we discover two possible solutions: u(x) = —|z| 4+ 1
and v(z) = |x| — 1 = —u(x). As discussed in [7], because the functions are merely continuous and
not necessarily differentiable, we must “push” differentiation onto appropriate test functions. This
is the purpose of the jets discussed above: they are the result of this process.

We consider a class of equations given by:
F(p, f(p), Vif(p), (D*f(p))*) =0,
where the function F’, defined as
F:GxRxgx5S?—>R,

fulfills the inequality
F(p,r,n, X) < F(p,s,n,Y)

when r < sand Y < X. This function F' is proper as defined in [7]. The p-Laplace equation,

defined for 1 < p < oo by

- (|rvofup-2tr<<D2f>*> (0~ 2)[Vof (D) Vor. Vof>> 0

and the infinite Laplace equation

—((D*f)*Vof,Vof) =0

are examples of such equations.

13



Chapter 3

Sub-Riemannian Maximum Principle

We now state Lemma 3 from [2] which allows us to express our semi-horizontal derivative and our

symmetrized second derivative matrix in terms of their Euclidean counterparts.

LEMMA 3.1 Recalling the definition of u, m and n in Chapter 2, we define the matrix A as

10 -3 -—u

01 F m

and the matrix B as

IB%:[O 01 n]

Let f be a smooth function with Ve[ its Euclidean gradient and let D? ,f be the Euclidean

eucl

second-order derivative matrix of f. Let AT denote the transpose of the matrix A. Then
Vif =A Ve f ®B - Ve f
Further, for all t € R",
(D) t,8) = (A~ D2of - AT +M-1,8)

where the matrix Ml is given by

1. 0f 1 _ of
M — 67292, 15 (w2 — o1) g
1 af 1 of
E(Oé.ﬁz—xl)% —gaxlm
Proof.
A quick computation shows that
of =z of _ . Of
A veuclf _ ox1 2 Oxs 0z
of 42 of + of
Oz2 2 Ox3 Oy



and

so the direct sum gives us
of zo Of af

8:p1 2 Oxg uax4
z1 Of Bf =
81‘2 + 2 813 +m vlf

For the second derivative matrix, matrix multiplication gives

T T
euclf AT H 2
To1 1o
where
O’f O’ f o’ f Of x5 O f f
Ty = —2% — —9 2
R R o F L v PR L v P W v AL
0% f ry O*f 0% f o Of 0% f
Tio =15 = — - = -
12 21 81’18332 + 2 8x18x3 + m8$16$4 2 8:628353 u8m26x4
_ T1u A+ ma 0% f | TT 0% f B uma2f
2 0x30x4 4 830% &Tﬁ’
and
0% f 0% f 0% f 0% f 82f K, 0% f
Tho —
22 Ow% T Oxo0x3 + m@xz&m + xlm@xgam + 4 8x2 tm 836?1

Our choice of M provides the missing 923 9L terms from Equation (1.0.1). We then have A - D?

eucl

AT + M = (D?f)*. O

By relating our derivatives to their Euclidean counterparts, we now have a way to relate our

Euclidean superjets to the jets we created for our Engel group.

COROLLARY 3.1.1 Let (n,X) € jifl f(p), where (n, X) € R* x S%. Then
(A-n@B-n,AXAT + M(n,p)) € T £(p).

The matrix Ml(n, p) in this case is

(awg —x1)N4

Sl

1

6L274
M(n.p) = | | :
TQ(QJJQ — 351)7]4 _6O‘I1774

15



Proof.

Our goal is to convert the Euclidean Taylor polynomial for the upper semicontinuous function u

u(p) < wlpo) + (0~ o) + (X (p ~ p0).p ~ po)is + ollp — P

to

7 1 — — 1, — ——
u(p) < u(po) + (An @ Bn,py'p) + S (AX AT (pg'p), (py'p)) + 5 (M 'p,py 'p) + o(d(p, po)?)

where (-, -)g is the Euclidean inner product and (-,-) is the Engel inner product. Further, p =

(Y1, Y2, Y3, ya) and po = (21, T2, T3, T4).
First, we will look at the error term. Suppose W is o(|p — po|?). Then,

W W |p—po|?

d(p,po)*  |p—wol? d(p,po)?
The first term goes to zero, and the second term is bounded by Prop 1.1 of [11]. Thus, the right

hand side goes to zero as p — pg, and thus W is o(d(p, po)?). The Taylor theorem, thus, now can

be made to read:

u(p) < ulpo) + (1.9~ o) + 5 (X (0~ 7o), p — po)is + o(d(p. p)?).

Before proceeding, let us define the matrix A as

10—z —y
e 01 F m
00 1 n
00 0 L
Let the 7 vector be defined as
m
2
’r] =
3
74 ]

and the symmetric matrix X is given as

X1 X2 Xiz Xug
X129 Xoo Xog Xo
X1z Xog Xszz X
X1a Xog Xzg Xy
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Then

2
ﬂ ﬂ AT1T2 B axrs .
n2 + 5 3 + (12 + 2 5 >774) (y2 — x2)

(
+ (yg — s+ %(a:gyl - x1y2)> (773 + (% + a;”)m)
(

1 1
+(Ys — s+ 5(963111 —z1y3) + 504(9631/2 — Z2y3)
1 1
E(xl +y1)(@2y1 — T1Y2) — Ea(ﬂfz + y2)(w2y1 — T1Y2) | M4
Distributing and collecting like terms, we get
2
_ T2 12 QaTs T3
A 1 — — — 22y — — _oite T2 e
(An,py p) (1 —zi)m = (y1 = 2)ms + (1 — 21)(——5 o )M
2
_ L1 B A B
+ (Y2 = z2)n2 + 5 (Y2 — 22)03 + (92 — 22) (5 + 5 5 )

1 1 oxo
= e + 5o o+ (s - 20) (5 + %5
r1  axo
(xoy1 — z1y2) (= 5 + T)’“

+ (y
1
2
1
561 +y1)(T2y1 — 1Y2) — Ea(@ + y2)(w2y1 — T1Y2)

.1‘% AT1T2 axrs
) |na

+(y2—$2)(12+ 19 5

= (1 —z1)m + (y2 — z2)m2 + (y3 — x3)13

1
+ 5(931:162 — Y1%2 + —T2%1 + Y21 + T2y1 — T1Y2)N3

+ ((y3 - JJ?)( 5 T af) + (;(l’gyl - x1y2)> (9521 n 042$2>

1
+Ys—za+ *($3y1 - iL‘lys)

2
1 1
+ 504(3333/2 - 962?/3) + E(xl +y1)(@2y1 — 71Y2)
1 m% arTiTy X3
= 15(@2 +y2) (221 — 2192) + (y2 — 22) <12 ey Ty )M

= (y1 —x1)m + (y2 — x2)n2 + (y3 — 3)13

1
+ (y4 — x4+ E(ﬂﬁl —y1 + alze — y2)) (212 — y1$2)>ﬁ4-

17



Further, (n,po — p)E is (y1 — z1)m + (y2 — x2)n2 + (Y3 — 3)n3 + (Ya — T4)M4
and so (1, po — p) & — (An, py 'p) is

1
ﬁ(l’l -y +a(z — y2))($1y2 — T2Y1)N4-

Thus, the Euclidean Taylor polynomial f(p) < f(po) + (1,00 — P)E + (X(Po — P),P0 — P)E +
o(|po — p|?) can be rewritten as
L1
u(p) <u(po) + (An,py p) + ﬁ(xl —y1 + a(r2 — y2)) (192 — 22y1)4

+ (X (po — p),po — p)E + o(d(p, po)?).
Similarly, (AX ATp;'p, py'p) — (X (p — po).p — po)E is

m(fcl —y1 + a(r2 — y2))(T1y2 — T2Y1)

X (x%ngM — axdy; Xag + (24 X4 + y1(y1 + y2) X )
+ 21(24X14 — Xaa(@2(y1 — ay2) + y2(y1 + ay2)))

+ 24(23 X34 + 24 Xaa — Y1 X14 — y2Xog — Y3 X34 + y4X44)>.
Let us then look at what is left. After simplifying, the coefficient to X4 is given by

1
m(z‘lwl —24y1)(z1 — Y1 + a(z2 — y2))(T1Y2 — T2y1).

However, z1y2 —22y1 = ya2(x1—y1)+y1(y2—22) is O(d(p, pp)) since we are in a bounded domain,
and thus y2 and y; are bounded numbers. Also, 24(z1 — y1) is O(d(p, po)). So this coefficient is

o(d*(po, p)), and is part of the error term. Similarly, the coefficient to X»4 is given by

1
m(24$2 — 24y5) (z1 — y1 + a(z2 — y2)) (£12 — 2291)

and is also in the error term.

Further, we have the coefficient of X34 given by

1
m(24$3 — 24y3)(z1y2 — xay1) (21 — Y1 + a2 — ya)).

Since 24x3 — 24ys approaches 0 as p — po, this term overall is o(d?(po, p)) and thus part of the

€IT10r.

18



Finally, the X 44 coefficient is

1

m(myz — zoy1) (21 — 11 + az2 — y2))

X (24(za — ya) — T1T2Y1 — QTZY1 + T2YT + T1Y2 + AT1T2Y2 — T1Y1Y2 + AT2Y1Y2 — QT1Y3).

Since we again have a (z1y2 — 12y1 ) (11 —y1 +a(z2 —y2)) term, we know this will be O(d?(po, p)).
Again, through a similarity of terms, we see that the rest of the multiplication tends to 0 as p — po.
That is, this term is o(d?(po, p)) and part of the error. Thus, (X p—pg, p—po)E = <AXATpalp, pal>
plus elements that are o(d?(p, po)).

Because the first and second coordinates of p, 1y are O(d(p, po)), the third coordinate of py Ly is

O(d?(p,po)) and the fourth coordinate of p, 'p is o(d?(p, po)), the Taylor polynomial

1
ﬁ(m —y1 + oz — 92))(551112 — T2Y1)N4

1 _ _
+5(AX ATpy p,pgtp) + o(d?(p, o))

u(p) < ulpo) + (An,py'p) +

can be rewritten as

—

- 1
u(p) Su(po)Jr(A-n@B-n,polpHﬁ(

z1 —y1 + a(z2 — y2)) (@1y2 — T2y1)ma
1 — ——
+5(AX ATpy p,py ') + o(d?(p, o))

o —

Recall that gﬂ is py Ly projected onto V7 and p, Lyis Do Ly projected onto Vi & Va.
Thus, we are just left with 11—2 (:1:1 —y1 +a(zy — yg)) (x1y2 — T2y1)N4-

But we know matrix M is

G211 13 (aws — a1)n

%(06902 — 1) —%04901774

M(n, p) =

and the first two components of the Engel multiplication are (y; — 21, y2 — x2). So

1 Y1 — 1
[y1—$1 312—2132} XiMX
Y2 — X2

is our left over term. Thus, % (acl -y + a(xy — yz)) (x1y2 — x2y1)n4 equals %(M pglp, palp>

and so our result holds. OJ

With this corollary, we can make use of the Euclidean results from [2]. Specifically, we use

Theorem 3.2 and Remark 3.8.
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THEOREM 3.1 Let € € R*. Let f be an upper semicontinuous function in R*, g a lower semicon-
tinuous function in R* and ¢ a C? function in R8. Let O be a locally compact subset of R* and let
(P, §) be a maximum point of f(p) — g(q) — ¢(p,q) over O x O and let the matrix M € S be
given by

D3,0(p.d) Dpgd(p, )

DZ,6(p,4) Digo(p,q)

Where p = (1, 2,23, 24) and ¢ = (Y1, Y2, Y3, ya). This leads us to the three 4 x 4 matrices where

M =

the (ij)™ terms are given by

o (D, 4)
2 Lo AT
(Dppo (D, 4))ij = 9r:07;
82¢(p, g
(D2,0(h,@))ij = (D2,(h,4))ji = (m
1~ J)
and
o0 ey O%0(D,q)
(Dggd(B:4))ij = Oyidy;

Then there exist matrices X,Y € S* such that
A A —2,+ A~ A A —2,— ~
(Dpd)(pv Q)a X) € Jeucl f(p) and (_Dq¢(pa Q)v Y) € Jeucl g(Q)'

In addition, for all vectors d, be R4,
(Xd@,d) — (Yb,b) < (eM?+ M) @@ b), (@D D).

This inequality allows us to generate an upper bound for the matrix difference in our Engel group.

THEOREM 3.2 Given a (Euclidean) C? function ¢ : G x G — R, let the semi-horizontal gradient
at the point v € G be denoted V1 ¢ and the symmetrized second derivative matrix at r be denoted
(D2¢)*. Lete € RT. Let f,g,p,q,D,q, O, and M be as in Theorem 3.1. Then there are matrices
X.,Y € S? so that

(Vip0(D,4), X) € T f(p) and (—=V1,46(5,d), ¥) € T g(p)).

Furthermore, for all vectors £ € V

(XE,8) — (VE,€)
< (eMP(AP) DAY, (AD) DAY
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Proof. We omit the proof, as it is the same as Theorem 3.4 in [2]. O

With our Carnot group law, and using Theorem 3.2, we get the Carnot group maximum principle

for our Engel group.

LEMMA 3.2 Let Q C G be a bounded domain. Let T € R™ and let u be an upper semicontinuous
function and v a lower semicontinuous function. Let p = (x1,x2,x3,24) and q = (Y1,Y2,Y3,Y4)

and k € 2 - N be an even whole number. Define ¢(p, q) by

1 1 1 1
é(p,q) = %(1‘1 - yl)k + E(iﬂz - 2/2)’C + %(1‘3 —ys+ 5(9323/1 — Z1Y2))

k

1 1 «
ol za—yat 5(9032/1 —z1y3) + §($3y2 — Y3x2)

k
o
+ = (21 + y1) (@wayr — 21y2) + — (22 + y2) (w2y1 — 9313/2))

12

(¢i(p, )",

)

|
=l
[S—y
HM'P l\D"_‘

where

$1(p, q) =(1 — Y1)
$2(p,q) =(x2 — y2)
¢3(p,q) =(73 —y3 + %(xﬂ/l —r1Y2))

1 o
G4(p,q) =(v4 — ys + 5(1’3% —x1y3) + 5(333?/2 — y312)

«

19 (2 + y2)(T2y1 — z1Y2))

1
+ ﬁ(xl + y1) (ot — z1y2) +

Let the points pr, qr € G be the local maximum in Q x Q of u(p) — v(q) — 7¢(p, q) and let u— v

have a positive interior local maximum such that

sup(u —v) > 0.
Q

Then the following hold:

hm T¢(p7'7 q’T) = 0
T—00
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There exists a point p € S such that p; — p (and so does q by part 1) and

sup(u —v) = u(p) —v(p) > 0.
Q

There exist symmetric matrices X;, Y, and vector n; € Vi @ Va, namely . = V1 ,0(p, ¢r), so

that

—2.+ —2,—
(0, Xr) € 7 u(py) and (T, V7)) € T v(gr).
For any vector £ € Vi, we have

(X,6,6) — (Vr6,6) < TIM2 (A T¢ @ Alg:)TE), (Alpr)TE @ Algn)T€))
S TIMPIEN ~ Tépr, ) T €]

where
|IM|| = sup{|A| : A is an eigenvalue of M}.

In particular, if § ~ 7¢(pr, qr) e , we have

4k—6

<XT§>£> - <yT§>f> < 73¢(pTaQT) k

Proof. The proof of (1) and (2) is the same as [3]. Next, we have for the Euclidean derivatives with

respect to p:

0
G:E

(rrra) = T =90 — S0 (Gs(prr )"

1 k—1

( 207y3 — yiys — a(ys)® + x5yl — ay3) — 6y§> (¢4(pryar))

T 12
0 1 _
%é(pr,qﬁ = (2 —y)" 1+ +5ui (¢3(pnq7))k !

1 N

+ 15 ((yf)2 + 27 (y] — ay3) + a(225y] +yiys — 6y§)> (pa(p-, qf))k '
) 1 _
P00 r) = (0(r0)" "+ ST+ avh) (aprar))
k—1

0xq

id’(p‘m Q‘r) = (¢4(p7'7 QT))
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and for the Euclidean derivatives with respect to q:

0 TVk—1

7 k—
gy tpra) = (@ =y 1

- %wE (¢3(pr,qr))

1 k-1
15 (645 + 2307 + (a5~ 15) + @] + 4D) ) (a0 4)

0 1 —
5y 0ra) = (@3 =)+ Sl (Gsoran))

+ 4 (@00 = 005 + a5a) + 4707 + ol + 25 ) (B1(07,0)"
0 _ _
5y ra) = (es(pra))’ b 6T+ o) (9a(proar)
0 B k-1
—afmqb(pnqr) = (¢alpr,ar)) -

Claim 3.1 We have the following relations:

A(pﬂ')veucl¢(p7'a QT) = _A(QT)veucl(b(pTa QT)

and

B(pr)veucl(b(pﬂ QT) = _B<QT)Veucl¢(pTa QT)-

So that we may set

nr = A7) Veurd(pr, ar) ® B(07)Veucrd(pr, ar)

Proof. We compute the first row of A(p;)Veua1d(pr, ¢r):

0 75 9 D B
817 (pT7QT) - Eaix?’(ﬁ(pT)(b') - u($17x27x37a)87x4¢(p7'JQ7') -
T T\k— 1 T T k=1
(2] —yD)F ! - 5(1/2 +332)(¢3(pnq7))
t 13 < —227y5 —yiys — a(y3)® + 23 (y] — aws) — 6y3> (¢4(pr,qr))

35‘72— T T 1 1 k—1
- Z(yl + ay3) + <§373 12502(951 +aa:2)> (¢4(prsar))
We compute the first row of —A(¢;)Veu@(pr, ¢r):

0 0
+ Ty YT "‘U T7 T7 T7a a s4r) —
ygé(p qr) +u(yi, 3,3 )ay4¢(p qr)

k-1

(af =y~ @+ v3)(3(pr, ar))

1 k-1
15 (67 2007 + 01005 —48) + @53 + D)) (10 0)
y2 1 T 1 T ()T T k—1
) (2] + az3) + (53/3 + Y2 (i + aw3)) | (Galpr,ar))
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Routine calculations show these terms are equal. We now compute the second row of A (p; ) Veuc1®(pr, g7 ):

7_

o o D B
ngb(p‘HQT)—i_?ai (pT7QT)+m(x17x251‘37a)87$4¢(p7'7Q7') —

(23

1 k—1
k—1
2+

— 5 (=7 +y1) (03(pr, 4r))
( 6ay; + yi (v] +y7) + a(ziy] — 21y3) + ayi (3 + y2)> (¢4(p7‘a QT))k_l

1 _
(41<y1 F o)+ (= G+ gyl + asf) ) (@atoma)*

We compute the second row of —A(q;)Veua1®(pr, ¢r):

9 yl 9 T T T i _
Tyz(b(pﬂ%-) 2 9 (prsqr) m(yl,y27y37a)3y4¢(pmqf)—

1 k-1
( y2)k ! + i(lﬂl— +y1—)(¢3(p77%’))
1 - k-1
15— G0+ afaf +4D) — (el — of7) + el + 4D) ) (G 00)
yT «Q T 1 T(,,T T k—1
+ < 41 (2] + ax) + (- Y3 + Eyl(yl +ay2))) (¢4(prsqr))
Again, routine calculations show these terms are equal. We compute B(p;)Veuc1®(pr, ¢r):
0 0
856 (z)(pTa qT) + k(IDl,IIZ'QO[) 33: ¢(p7'7 qT) =
_ 1, . . k—1 1, . r E—1
(@3(prar))" " + W1+ av3)(Galproar)” + 5 (o] + aa3) (éa(pr, a7))
We compute —B(¢;)Veuc1@(pr, 47 ):
0 0
—quﬁ(pnqﬁ - k(ﬂfl,l‘za)ax ¢(pr,ar) =
k-1 1 T T - 1 T T k-1
(¢3(p7')q7')) + §($1 +a332)(¢4(p77QT)) + 5(3/1 +ay2)(¢4(p77QT))
It is easy to see these two terms are equal. ([l

Thus, using Corollary 3.1.1, we have matrices X, Y € S*, where (1, X) € ji’ljlqb(pT) and (n,Y) €
731’1;@(%). We then have

XT = A(pT)XAT(pT) + M(veucl¢,pT)

and

N— A(qT)YAT(qT) + M(Vewa®, gr)
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Thus, we have proved Part (3) of our Lemma 3.2. Part (4) follows from the fact that M is based on
the Euclidean second derivatives of ¢(p, ¢) and by definition, ||A|| is bounded by a constant since

we are in a bounded domain. O
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