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Pricing Models and Analysis of Corporate Coupon-Bonds
and Credit Default Swaptions

Michiru Shibata

ABSTRACT

In this work, pricing models of corporate coupon-bonds and credit default swaptions are derived
and analyzed. Corporate coupon-bonds are priced incorporating both intensity models and structural
models, and also jumps introduced by seasonal effects. In deriving the models, we form portfolios to
hedge the risk incurred by the instruments, then derive PDE equations using the arbitrage principle
and the Ito Lemma for jump processes. The mathematical models are the parabolic-type PDE
equations with terminal conditions and boundary conditions. These PDE problems are analyzed
and solved by various transformations and incorporation with probabilistic properties. Either a
unique solution in the exponential form is obtained, or a particular solution in the separation form
is acquired. Further, the pricing model of credit default swaptions is derived using the pricing of
corporate coupon-bonds in the similar manner. The main idea of deriving the price of credit default
swaptions is to use the price of existing products, i.e., corporate bonds, as opposed to the existing
models, which use non-existing forward credit default swap price of the reference entity. The prices
of corporate coupon-bonds and credit default swaptions with unexpected default, obtained from

these models, are compared to the actual market prices and analyzed.



Chapter 1

Introduction

1.1 Background and Motivation

When a company needs financing, there are only two ways to raise money. Either to borrow, or to
find someone to co-own the company. The latter is done by issuing new stocks; the former basically

takes two forms: borrowings from banks or other institutions, and issuing bonds.

Financial institutions, such as banks, securities houses, insurance companies and so on, have been
traditionally largest participants in the bond market. They invest in bonds not only because they
constitute a part of their investment portfolios, but also because they want to maintain the relation-
ship with bond issuers. If that is the case, often the time, they are expected to hold the bonds until
their maturities, and it could be a nuisance to the investing institution for the following reasons.
First, most financial institutions have internal and external guidelines about the maximum amount
of financial products they can invest. So holding bonds until their maturities prevent them from
diversifying their portfolios. Second, it incurs a risk of unreasonable loss in case of default. There-
fore, it is important for institutional investors to assess the price of the bonds in the portfolio and

also to avoid the risk inherent in the bonds without selling them.

Finding a pricing model of defaultable bonds is one of the main purposes of this paper. There
are two fundamental approaches to bond pricing: (i) intensity models, and (ii) structural models
(also, known as Merton’s model). Each type of models has pros and cons; but the emphasis of
both models is on finding or estimating the default probability. Intensity models consider default
as an exogenous event and can be found in Jarrow & Turnbul (1995), Duffie & Singleton (1999),

Hughston & Turnbull (2001), etc. In structural models, default is considered to be an endogenous



event, that is, default originates from within the firm structure. In Merton’s model (1974), a firm’s
total assets comprise of one zero-coupon bond and one stock, which follows a geometric Brownian
motion. The firm defaults if its assets fall below the value of its outstanding bond. Black & Cox

(1976) extended this framework by bringing a certain threshold as a barrier.

Most existing models adopt either one approach or the other. O, et al. (2005) combined both ap-
proaches and came up with a new model on corporate zero-coupon bonds. However, most corporate
bonds bear coupons, and coupon-bond issuers, especially small-size companies, are exposed to the
risk of default as interest payment dates approach. In Chapters 2 and 4 of this paper, the idea of
O is extended to corporate coupon-bonds and we take into consideration the default risk arisen by

coupon payment.

However, finding a better pricing model does not result in avoiding the default risk incurred by
holding bonds. New financial derivatives, called “credit derivatives”, were introduced to the finan-
cial market in the early 1990s, which made it possible for bondholders to get rid of default risk
without selling bonds. A credit derivative is a derivative security whose payoff is conditioned on
the occurrence of credit events such as bankruptcy of a certain bond-issuer. Two thirds of the credit
derivatives in the current market are credit default swaps. A pricing model on credit default swaps
is given by Schonbucher (1997, 2003b). Some pricing models of credit default swaption, which is
an option on forward credit default swap are given by Schonbucher (2000) and Schmidt (2004). In
their papers, they assume that they know the dynamics of the value of underlying forward credit
default swap, and they hedge the swaption against the forward credit default swap. However, the
dynamics of the value of forward credit default swap is not easy to obtain. In Chapters 3 and 5 of
this paper, we will try to find the pricing model to hedge the swaption by the bonds issued by the

forward default swap’s reference entity.

The rest of this paper is organized as follows. In the following section, basic mathematical and
financial concepts are introduced. Chapter 2 introduces the pricing models of corporate coupon-
bonds, which incorporate the jump terms caused by coupon payments. In Chapter 3, we will use the
dynamics of the value of the corporate coupon-bonds to find the price of the credit default swaption.
In Chapters 2 and 3, we assume that the short-term, risk-free interest rate is constant. In Chapter 4,

we re-examine the pricing of corporate coupon-bonds, however, this time with a stochastic short-



term risk-free interest rate. We remodel the price of a credit default swaption using the bond pricing
model established in Chapter 5. Chapter 6 devotes to the data analysis of the bond-price and the
credit default swaption price with constant risk-free rate. Finally, in Chapter 7, we summarize the

result of this paper and discuss the directions of the research in the future.

1.2 Definition and Basic Concepts

1.2.1 Mathematical Concepts

Definition 1.2.1 (Martingale) A stochastic process {X (t),t > 0} adapted to a filtration F is called

a martingale if for any s < t, it is integrable, i.e., E|X (t)| < oo, and
E(X(t)|Fs) = X(s)
where Fy is the information about the process up to time t, and the equality holds almost surely. []

Definition 1.2.2 (Brownian Motion) A standard Brownian motion (or a standard Wiener process)
is a stochastic process {W(t),t > 0}, defined on a common probability space (0, F, P) with the
following properties: (1) W(0) = 0. (2) With probability 1, the function W (t) is continuous in t.
(3) The increment random variables associated with non-overlapping interval are independent. (4)
The increment W (t + s) — W (s) is a normal random variable with mean 0 and variance t for any

s<t 0O

Throughout this paper, W (t), W; and W are exclusively used to denote a standard Brownian mo-

tion, unless stated otherwise.

Definition 1.2.3 (Geometric Brownian Motion) A geometric Brownian motion is a continuous-
time stochastic process in which the logarithm of the randomly varying quantity follows a Brownian
motion. A stochastic process S(t) is said to follow a geometric Brownian motion if it satisfies the

following stochastic differential equation:
dSt = ,LLStdt + O'Stth

where Wy is a Brownian motion, and p (’drift’) and o ("volatility’) are constants. [



The equation has an analytic solution:
Sy = Spexp ((1 — o2 /2)t + odWy)
for an arbitrary initial value Sp.

Definition 1.2.4 (Ito Integral) Ler (2, F,IP) be a probability space on which a standard Brownian
motion W (t) is defined. Let X (t) be a simple process which is adapted to the same filtration as

W (t) and given by

X( = COIO + Z CZI(t“t'L+1]

Then, Ito integral fOT X (t)dW (t) for a simple process X(t), is defined as

n—1
/X AW () = ci(Wtip1) — W(ti)).
=0

Let X" (t) be a sequence of simple processes convergent in probability to the process X (t) satisfying

lim [°E(X(t) - X”(t))th = 0. Then Ito integral with general process X (t) is defined as
n—oo

T T
/ X ()dW (£) = lim / X, (AW (t). O
0 " Jo

Lemma 1.2.5 (Ito Lemma for Jump Processes) Let X (¢) be a right-continuous stochastic process
with left limit, and it has at most finite number of jumps over finite time intervals a.s. For every path
of the process, we define:

X(t-) = lim X(t—h), X (0-) = X(0),

AX(t) = X(t) — X(t—),

= ZAX(S)

s<t

Xe(t) == X (t) — XU1).

Alternately, let X = (X!, X2 ..., X™) be an n-dimensional semi-martingale with a finite number

of jumps, and f a twice continuously differentiable function on R%. Then f(X) is also a semi-

4



martingale, and it follows that:

FX®) - FX©0) = > /0 W%fdec,i
i=1 v

"9 f(X (s— o
+;¢]z::1/0 Wd < X' X% > (s) +;Af(X(S))7

where the integral means a stochastic integral (¢f. Kigima (2003)) and < X%, XJ > stands for
the quadratic covariance of two stochastic processes (c¢f. Kigima(2003)). Its proof can be found in

Jacod and Shiryaev (1988).

1.2.2 Financial Concepts

Definition 1.2.6 (Bonds) The bond is a debt instrument issued for a period of time in purpose of
raising money. It promises to repay the principal amount on a specified day (”maturity” date). Some
bonds bear coupons, which are promissory notes for interest; so they are called ”coupon (bearing)
bonds”. Others do not pay interest; instead they are sold at a deep discounted price, so they are

called ”zero-coupon bonds” or “deep discounted bond”. U]

Bond prices fluctuate in accordance to two factors: (1) changes in interest rates and (2) change in
credit quality. The interest rate considered is what is known as a “risk-free, short-term interest rate”,
r(t). In Chapters 2 and 3, we consider 7(¢) to be constant; in chapters 4 and 5, we consider r(t) to

follow the Vasicek model (1977). Here we introduce several interest rate models:

One of the earliest short-rate models introduced by Black (1976) and Rendleman and Bartter (1980)

is lognormally distributed and given by
dr = prdt + ordW, W, o : constant,

where W = {W (t)}+>0 is a standard Brownian motion. (Hereinafter, all /’s used in Stochastic
differential equations are standard Brownian motions.) However, this model does not capture mean-
reverting property of interest rate; Vasicek (1977) introduced the following normal mean-reverting

process with constant parameters, i.e.,

dr = 0(a —r)dt + cdW, 6,a,o : constant.



The drawback of this model is that the short term rate can assume a negative number. In 1985, Cox,
Ingross, and Ross (CIR) added square-root diffusion term to the Vasicek model, which makes ()

chi-square distributed and given by
dr = 0(a —r)dt + o/rdW, 0,a,0 : constant.

Hull and White (1990) extended the Vasicek model to fit both the current structure and volatilities
of interest rates. In their model, the short-term rate follows a normal mean-reverting process with

time dependent parameters and is given by
dr = (0(t) — ar)dt + o(t)dW, « : constant.

If we take « to be time-dependent, the model is know as extended Vasicek model. We can write the
model as

dr = (6(t) — a(t)r)dt + o(t)dW,

which can also be written as
dr =0(v(t) — r(t))dt + s,(t)dW, 0 : constant

to better see the attributes of the short term rate. Here the variable s, is the same as o, and is used
so that it aligns with the rest of the paper. In this extended Vasicek model, v gives the mean, 6 gives
how fast the rate fluctuates, and s, gives the volatility of the interest rate. The last three models are
widely accepted and popular in practice because of their closed form solutions. In Chapter 4 and 5,

we shall use this extended Vasicek model for risk-free, short-term rate.

The coupon bearing bond consists of the principal and predetermined number of coupons attached
to the principal. The principal is paid at the face value on the maturity date unless there are some
other conditions stated otherwise. Each coupon pays predetermined amount of money, normally
expressed as a certain percentage (coupon rate) of the face value of the principal, or as a dollar
amount, on a predetermined date. Coupons are detachable from the principal and transferable by

themselves.

Therefore, the coupon bearing bond can be considered as a portfolio of zero-coupon bearing bonds:
one zero-coupon bearing bond with a principal being the same as the original bond and n zero-

coupon bonds with a principal being the same amount as the original bond’s coupon, each maturing



on original bond’s ¢-th coupon date, where n is the number of coupon payments and¢ = 1,2,--- | n
(La Grandvill, 2001). So if we let the value of corporate coupon-bond at time t tobe G = G(r,t; T,
the value of zero-coupon bond to be C(r,t;T"), where T is the maturity of the bond, and c¢; to be

i-th coupon rate, then we have

G(rt;T) =C(r,;T) + > ciC(r ;1)

ti>t

Often the time, the coupons are separated from the body of the bond (which pays only the principal

amount) and they are traded separately. Thus separated bond is called a stripped bond.

Each coupon entitles the coupon holder to be paid a certain percentage of the face value of the
bond. In most papers and documents (e.g. Hanke, 2003), coupons are treated as paying a certain
percentage of the bond price, which is incorrect. To correct this kind of treating, throughout this

paper, the coupon bearing bond is considered as a portfolio of zero-coupon bearing bonds.

Definition 1.2.7 (Option) The option is a financial derivative which gives the holder the right (but
not the obligation) to buy (”call” option) or to sell (”put” option) a particular asset such as stocks
or bonds at a specified time or time period in the future for previously determined price (”strike
price” or "exercise price”). If exercise is permitted only at expiry, the options are called ”Euro-
pean” options, and if exercise is allowed at any time before expiry, they are called "American”

options. [

In the chapters followed, the options are assumed to be European. The payoff functions of call

option and put option are given by
max(S(T) — E,0) and max(FE — S(T),0)

respectively, where E is the exercise price and S(T") is the price of the underlying asset at the

expiration date.

Definition 1.2.8 (Put-Call Parity) If C, P and S are the prices of a call option, a put option and
their underlying asset at time t, respectively, and T' is the expiration of the options, then they satisfy
the following equation:

C—P=5—Ee T,



where 1 is the risk free interest rate. This relationship is called ”put-call parity”.[]

This relationship is useful since once we find the price of the call option, it enables us to find the

price of put option easily and vice versa.

Definition 1.2.9 (Forward) A forward is a contract obligating one party to buy and the other party

to sell a financial instrument, such as stock, bond, commodity or currency at a specific future date.

O

Definition 1.2.10 (Credit Default Swap) The Credit Default Swap (”CDS”) is a bilateral financial
contract in which one counterparty (the ”Protection Buyer”) pays a periodic fee, paid on the no-
tional amount and the other counterparty (the ”Protection Seller”) pays a predetermined amount

in case a credit event with respect to a reference entity occurs. [J

The scheme is shown in Figure 1.

Periodic fee/Upfront fee

Protection | Protection
Buyer o Seller
Wants to hedge the risk of the Payment Contingent on Intend to hold the Credit
reference entity; May or may o Default Swap for a long term.
not hawve debt instruments the reference entity’'s
issued by the reference entity. default event

Reference Entity

Figure 1.: Credit Default Swap

The reference entity is the issuer of the bonds, whose credit event triggers the protection seller’s

obligations. Credit events are precisely defined in each contract; they normally include:

e Bankruptcy,
e Failure to pay interest or principal,

e Obligation default



(This is where the reference entity’s obligation becomes due as a result of any covenant breach

under the relative obligation contract),

e Obligation acceleration
(This is where the bond-holders demand immediate repayment in full as a result of any covenant

breach of other obligations of the reference entity),

e Reconstruction
(Reconstruction includes events such as a reduction in the principal amount or interest payable
under the obligation, a postponement of payment, a change in ranking in priority of payment or

any other composition of payment.)

The protection buyer does not necessarily need to hold the bonds issued by a reference entity (as
in the case where the buyer deals CDSs for speculation). Credit default swaps are the most traded

derivative on the market of all credit derivatives.

Definition 1.2.11 (Credit default swaption) Credit default swaption is an option on credit default
swap. The underlying credit default swap does not exist during the life of credit default swaption; it

is initiated only upon the exercise of the swaption. [J

Example. Let ¢ > 0 be the trading date of the call option, Tjy > ¢ be the date at which the forward
credit default swap becomes effective, and Ty > T be the maturity date of the forward credit
default swap. The expiration date of the option falls on 7. The swaption holder is entitled to enter
the credit default swap (therefore, becomes a protection buyer) at time 7j at the predetermined
periodic fee, say s*. Let the price of the swaption be X (t) (or X (t),0 < t < Tp) as modeled
later. Let s(t) be the periodic fee of a forward credit default swap at time ¢, with the same reference
entity and the same contract duration as the underlying credit default swap for the swaption; so
that s(7p) is the price of the credit default swap at ¢t = 7. An investor buys the swaption only
if he/she anticipates that the credit of the reference company deteriorates and the market fee at the
time T, i.e., s(Tp) exceeds s*. This way, if the swaption holder actually holds the bonds issued by
the reference company, it can acquire the credit default swap for less cost. If the swaption holder
does not own the bonds, then it can lock the profit s(7p) — s* (ignoring the initial cost) by selling

the protection on the bonds issued by the reference company. Table 1 shows the summary of the



cashflow in three scenarios. (Note that 1% = 1p = 100bp (basis points).)

Table 1: Cashflow of the Protection Buyer with or without Credit Default Swaption

With Swaption Without Swaption

Case 1 Case 2
Case - The reference entity’s The reference entity’s

financial condition deteriorates | financial condition improves

Initial cost X (or X ) 0 0

Periodic fee s*=50bp 100bp 25bp

Definition 1.2.12 ((No) Arbitrage Principle) Loosely stated, the principle asserts that “there is no
such thing as a free lunch.” Formally,

Principle 1: If the value of two portfolios are 111 (t) and 115 (t) at time t, then
Hl(t) < Hg(t) if Hl(T) < HQ(T) as., t<T

and

L (t) = (t) if I(T)=T(T) as, t<T

Principle 2: Suppose 11 is the value of a risk-free portfolio, and dl1 is its price increment during a
small period of time dt. Then,
dIl

f = 'I"dt,

where 1 is the risk-free interest rate. [

Definition 1.2.13 (Risk neutral measure) Given a probability space (2, F, P) with filtration { Fy,; n =
0,..., N}, a probability measure Q is said to be risk-neutral if

(1) Q is equivalent to P, i.e. P(A) > 0ifand only if Q(A) > 0forall A € F, and

(2) the discounted price process S = (Sp)o<n<n is a martingale with respect to (0, F, Q) with

filtration {F,;;n =0,...,N}. O

Under a risk neutral measure the current price of each security in the economy is equal to the present
value of the discounted expected value of its future payoffs given a risk-free interest rate. Under

a viable market, i.e., under the market where there is no arbitrage opportunities, the Fundamental

10



Theorem of Asset Pricing guarantees the existence and the uniqueness of such risk neutral measure.

Its proof can be found in Harrison & Pliska (1981).

If the payoff price of a financial product at time 7" is H(7'), where H(T') is a random variable on
the probability space describing the market, and the discount factor from time ¢t = Otot = T is

P(0,T), then the fair price of the product at time ¢ = 0 is given by
H(0) = P(0,T)Eq[H(T)],

where the risk-neutral measure is denoted by (. If the real world probability measure of H(T) is

given by P, then H(0) can be also given as

1(0) = Bp | $211(7)].

d
where £ is the Radon-Nikodym derivative of () with respect to P.

The valuation of credit default swaps requires estimating both expected default time and the ex-
pected loss of the reference entity. The risk neutral default probability can be estimated either from
the reference entity’s total asset or from debt market. When we use the total asset, we actually
consider the company’s financial structure; hence default is considered to be an endogenous event,
and the models are called “’structural models”. On the other hand, when we use the data from debt
market to estimate the default probability, we completely ignore the company’s financial structure
and consider default is an exogenous event. These models are called "intensity” or “reduced” mod-
els. Both structural models and intensity models have pros and cons; we will examine both models

briefly below.

Definition 1.2.14 (Structural models) Let the market values of the firm asset, the equity, and the
debt of a company at time t be V (t),S(t) and C(t), respectively. Then, we have the relationship
V(t) = S(t)+C(t), which is known as the accounting equation. The left-hand side of this equation
explains how the firm’s money was invested, in a nutshell. The right-hand side of this equation
represents the source of the firm’s assets, that is, how the firm’s money was raised. It should be
noted that while V (t) and C(t) are non-negative, S(t) can assume negative value. In these models,

we assume that V (t) follows a geometric Brownian motion. Then, the payoff R(t) of the debt at it

11



maturity T' is given by

R(T) = min (C(T),V(T)).

Therefore, under these models, we conclude that the company has default when the firm asset V (T')

falls below C(T'), or other predetermined barrier (as we will see in Subsection 2.2.1). [

The merits of using structural models are:

e They intuitively make an economic sense, and default is considered as an endogenous event.
e The time of default is not random (as opposed to the intensity model).

e We can assess the value of defaultable debt.
However, these models have the following demerits:

e They are unwieldy to implement.

e They are incoherent with the historical data.

Definition 1.2.15 (Intensity models) In intensity models the time of default is the first jump of an
exogenously given jump process. The parameter governing the default intensity are inferred from
the relative market. The default time is modeled as the first jump of a Poisson process. Let us assume

that the default intensity follows a stochastic process of the form
dp(t) = a(t)dt + s(t)dW (t)

where W (t) is a Brownian motion. If the default time is T, then, the survival probability at time t is

given by
t
P > t] = exp [—/ p(s)ds]
0
The default intensity p(t) is the instantaneous rate of default. Let P(t,T') be the conditional proba-
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bility of survival at time T as seen from time t < T. Then the intensity is obtained by

 P(tT) - P(t+ALT)
pt) = limg At-P(t,T)

1 . P{t+ALT) - P(t,T)
P(t,T) atmo At
_GPE.T)

P(t,T)

The advantages of these models are:

e They are easy to implement;

e Bond prices derived using these models fit the spread between default-free and defaultable

bonds.

However, the major disadvantage of these models is the fact that there is no direct relationship
between the intensity and the asset value. In these models, the recovery rate will be also exogenously

specified.

Definition 1.2.16 (Frictionless Market) A frictionless market is a market where (i) there are no
transaction costs, no bid-ask spread, no restrictions on trade such as margin requirements or short
sale restrictions, (ii) there are no taxes; (iii) borrowing and lending are done at the same risk-free
interest rate, and (iv) asset shares (stocks or bonds) are divisible, i.e., an investor can buy any
fraction of one stock or one bond certificate. [

Throughout this paper, we assume that all the markets involved are frictionless.

Definition 1.2.17 (Credit Rating) A credit rating assesses the borrowing capacity of an individual

or company. [

Credit ratings are calculated from financial history and current assets and liabilities. Typically, a
credit rating tells a borrower or investor the probability of the borrower being able to pay back a
loan. Ratings can be assigned not only to short-term, long-term debt obligations but also to securities
or bank borrowing. A poor credit rating indicates a high risk of defaulting on a loan, and thus leads

to high interest rates.

13



Moody’s, and Standard and Poor’s (S&P’s) are considered to be world-wide top credit-rating agen-
cies. Each of them intends to provide a rating system to help investors determine the risk associated

with investing in a specific company, in an investing instrument or in a market.

Table 2 summarizes the different ratings symbols that Moody’s and Standard and Poor’s issue for

long-term debt obligations (Source: Heakal, R, ”What Is A Corporate Credit Rating?”, Wikipedia).

Table 2: Long-Term Bond Rating System
Moody’s | Standard Poor’s || Risk

Investment Grade

Aaa AAA The best quality companies, reliable and stable
Aa AA Quality companies, a bit higher risk than AAA
A A Economic situation can affect finance
Baa BBB Medium class companies, which are satisfactory at the moment

Non-Investment/Speculative Grade (also known as junk bonds)

Ba BB More prone to changes in the economy
B B Financial situation varies noticeably
Caa CCC Currently vulnerable and dependent on favorable

economic conditions to meet its commitments
Ca CC Highly vulnerable, very speculative bonds
C C Highly vulnerable, perhaps in bankruptcy or in arrears

but still continuing to pay out on obligations

Ratings can be assigned to short-term and long-term debt obligations as well as securities, loans,
preferred stock and insurance companies. Long-term credit ratings tend to be more indicative of a

country’s investment surroundings and/or a company’s ability to honor its debt responsibilities.

1.3 Black-Scholes Formulas

The derivation of the corporate coupon-bond in this paper has many similarities to the derivation of

the Black-Sholes formulas. The Black-Scholes theory has its origin in the seminal paper “The Pric-
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ing of Options and Corporate Liabilities,” by Black & Scholes (1973) and has been most widely
cited in option pricing. The Black-Scholes Formula gives the price of a European call option
C(S¢, T') with exercise price K on a stock currently trading at price S, i.e., the right to buy a
share of the stock at price K after T' years. The constant interest rate is r, and the constant stock

volatility is o. The formula is given by
C(S,T) = S;®(dy) — Ke "1 ®(dy) (1.1)

where

2
dy = In(S/K) +\/(;+ ATRILA dy =di — oVT (1.2)
g

In the following subsections, we will show two approaches to derive this formula: (i) PDE approach,

and (ii) Martingale approach. In derivation, please note that we assume that the market is frictionless
and the price of the underlying instrument .S; follows the lognormal model, that is, it satisfies the

following stochastic differential equation :
dSt == ,U,Stdt + O'Stth, (13)

where Sy > 0, the drift 4 and volatility o are constants, (¥;) is a Brownian motion defined on a

filtered probability space (2, F', (F}), P), where F} = o(Ws, s < t).

1.3.1 PDE Approach

The Black-Scholes PDE was first introduced in ”The Pricing of Options and Corporate Liabilities,”
by Black & Scholes (1973). In this approach, the idea of hedging and arbitrage was used. First we
construct a portfolio consisting of one derivative C' and ¢ units of the underlying instrument .S. The
value of the portfolio is II = V' + S. Then the change in price of the portfolio over a small time

increment is given by

dll = dC + pdS

ac . aC . 19°C 4.,

By lognormal model (1.3)

2
= (@ + @) o SdW + (@ + @) pSdt + 9 gt + 30252%

55 55 ot d (1.4
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By choosing ¢ so that uncertainty caused by dW-term is eliminated completely, i.e., by setting
oC
p= 39 and, applying the arbitrage principle, we obtain the following Black-Scholes PDE:

oc 1 ,.,0%C  _9C

where r is the risk-free interest rate and 0 < ¢t < T.

If the derivative in discussion is a call option on some financial instrument with exercise price K
and expiration 7', then after applying changes of variables and Fourier Transformation, we will find

the Black-Scholes Formulas (1.1) and (1.2) as a solution for the Black-Scholes PDE.

1.3.2 Martingale Approach

Harrison & Kreps (1979) and Harrison & Pliska (1981) showed that a natural mathematical frame-

work for analysis of financial markets is martingale theory and stochastic analysis.

Let the process (B;) be the value of the risk-free account satisfying dB; = rB;dt with By = 1.
Let {a,b} be a pair of F;—adapted process (which is called a "trading strategy”), where a(t) and
b(t) are numbers of the units of the asset and the risk-free account at time ¢, respectively. Then, the

value of the trading strategy at time ¢ of a portfolio {a(t), b(t)} is given by

Vi = a(t)S; + b(t) By

Lemma 1.3.1 A trading strategy is self-financing (meaning the change of the value of the trading
strategy is due to the changes in the assets prices), i.e., dV; = a(t)dS; + b(t)dBy if and only if its

discounted wealth process V; satisfies
dV; = a(t)dS;. (1.6)
Its proof is found in Yan & Ju (1999). Note that we can rewrite (1.3) as

dSy = Sy[(p — r)dt + odW;] (1.7)

and by putting Z—g\pt = exp{—ELWyp — (££5)2T}, we have Q-Brownian motion W;* = W, +

g

E=Tt by the Girsanov’s theorem, and
dS; = SiodWy, (1.8)
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so that (S;) is a Q-martingale.

Theorem 1.3.2 Let £ = f(S7) be a European contingent claim under (Q-martingale. Then there
exists an admissible self-financing strategy {a, b} replicating £ such that its value process (V}) is
given by

V= E*le”" V¢ (1.9)

or equivalently, the discounted process (V%) is a Q-martingale.

Its proof can be found in Yan & Ju (1999). Note that we can say that V; is the fair price at time ¢ of

the contingent claim & since there is no arbitrage opportunity at this price.

Corollary 1.3.3 Under the assumption of Theorem 1.3.2, we have V; = F\(¢, S;), where

.2
Flt.z) — o(T—1) > (r—o2)(T—t)+oyvT—t L/Q d 1.10
( ,fL‘) e f(gje ) o Y. (1.10)

If we consider a European call option £ = (Sp — K)™, whose price is V; = C(t, S;), its price is

given by (1.1) and (1.2).
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Chapter 2

Defaultable Corporate Coupon-Bond Pricing with Constant Interest Rate

In this chapter, we will find the price of corporate coupon-bond. In the first section, we consider
default as an exogenous event, therefore, default is an unexpected. In the second section, in addition

to exogenous cause, we take an endogenous event into consideration as a possible cause for default.

2.1 Corporate Coupon-Bond with Constant Interest Rate - Unexpected Default

2.1.1 Formulation

In this section, we will assume the following. As suggested in the introduction, we consider coupon
bearing bonds as a portfolio of zero-coupon bonds consisting of one principal portion due on the
maturity date and coupons due on coupon payment days. And throughout Chapters 2 and 3, we will

assume that the risk-free short-term rate r is constant.

Assumption 1: Default is an exogenous event. Unexpected default probability in [¢,t + dt] is p.dt.

If coupon is not due on the interval, then the default intensity p(¢) = p; follows
dp = ap(p, t)dt + sp(p, t)dW.

where a,(p, t) and s, (p, t) are the drift and the volatility of p respectively. On predetermined coupon
payment date ¢ = 7;, where j refers to j-th interest payment and j = 1,2,...,n (this means that
7, = T, where T' is the maturity of the bond), and the jump of p; is given by

Ap = Pr; = Prj— = ij—Uj
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where Uj is a jump size at ¢ = 7;. A sequence (Uj)1<j<y is independent, identically distributed
random variable taking values in [z, 0] with —1 < z < 0. Thus p,; = p,— (1 + Uj;). So we have

t t N
Pt =po +/ ap(p,t) dt +/ sp(p,t) dW + ) pr,_Uj,
0 0

=1

where [V, is the number of interest payments up to time ¢. This is right- continuous, adapted process

with finite and predetermined discontinuities.

Hence, for any interval [¢,t + dt],

dp = ap(pa t)dt + S;D(p7 t)dwl + ij*UjI{TjE(t,t-’—dt}}?

where Iy ¢ (i ¢+ar} 1s an indicator function taking 1 when 7; € (t,t + dt] and O otherwise.

Assumption 2: Default recovery, i.e., the recoverable amount of a defaulted bond, is given either in
the form of face value exogenous recovery (R - e~ "(T=%) where R is constant with 0 <R<1,and
T is the maturity of the bond) or in the form of market price exogenous recovery (/2 x bond price at

default time).

Assumption 3: The defaultable corporate coupon-bond price is given by the function G=3G (p, 1),
which constitutes of C' = C(p, t), the value at time ¢ of the principal portion only, ¢;C(p, t; 7;)

which is the value at time ¢ of i-th coupon due on 7;. Therefore, we have

T; >t

Problem: Under these assumptions, find the price of defaultable corporate coupon-bond.

2.1.2 Derivation of the model

By the variation of Ito Formula for jump diffusion, if there is no default (with probability 1 — p;dt),

we have
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A aC aC 192C A
ac = Edt deJr 2 0p% (dp)® JF{C(ZDTJ t) = CPr— O (et pran)y

= —dt+—dp+ —T(apdt + 5pdW)? + {C(pry: t) = Cpr— ) (i, e(t,tat)}

aC aC 1 ,8%C A
= Edt + aid + 9 12) 6 5 dt + {C(pTJ) ) — C(ij—7t)}I{TjE(t,t—l—dt]}'

In case there is a default (with probability p.dt), the change in price will be given by
dC=R-C

where I? is the default recovery, which, later in the computation, we shall use its face value exoge-
nous recovery. Note that in the event of a default, the bonds shall not be traded and the buyer shall

be entitled to receive its recovery amount.

We construct a hedged portfolio by hedging one bond with another bond with different maturity.
Let us denote the prices of these bonds by C =G (p,t;T;), i = 1,2. Here, T; is the maturity of
each bond. Let R; be the recovery rate for each. Assume that coupon payment dates for both bonds

are the same. Now construct a portfolio:
Il = C1 — ACs.
The change of value in this portfolio over a small time increment [¢, ¢ + dt] is given by
dIl = dCy — AdCs.
At the same time, by the Arbitrage Principle, we must have dII = rIldt.

If there is no default, we have

_— (60

ot " 2°

) 7dp+{01(pq t) — él(prjﬂt)}f{rje(t,wdt]}

W28p

aC. 1 (9 C aC. A
( 2 )d +072dp+{02(p7] t) = Co(prj— ) M (r, e(t,t+dt))

To get rid of uncertainty caused by dp term, we choose
L aCy [aCy\
- ap \ Op
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Then,

dt

A~ N A~ N —1 A~ A~
acy 1 ,02C, acy [9Cs oC, 1 ,0%Co
I = — _ ) -
d !8t+286ﬁ 6p<8p) <8t+288M

+({él (ij ; t) - él (ijfa t)}I{TjE(t,t-i-dt}}
A ~ —1
oCy [ oC R A
—8—; <3}92> {C2(pr; t) = Co2(Prj—s ) M7y et +ar]})-

If there is a default, the price change in the portfolio is

Taking the expectation of dII = dCy—ADy = rIIdt and neglecting the higher order of infinitesimal

of dt-term, we have
R R R A\ —1 R R
@ n 132 92Cy _ oCy [ 0Cy 0Cy N 132 9%Cy, gt
ot 2 0op? op \ op ot 2 0op?

+ ((él(p’rjat) - él (ij—7 t)) I{TjE(t,t-i-dt]}

R AN -1
0Cy [ 00y A R
- Tp <(9p> (CQ(ij7t> - 02(p7_j_7t>> I{Tje(t,t+dt]}) (1-— ptdt>
R A\ =1
A oCy  oC R
+ ((Rl - Ch) — 67]91 <8p2> (R2 — 02)) pedt

A ~ -1
. ac (a6,
=T (Cl - ap ( 8]) ) 02) dta
<aél 132 6201 ~
2

ot 8p2 - ({Cl (p‘l'jvt) - él(ij*at)}I{TjG(t,t+dt]} - (Rl - él)) bt — Tél) dt

N —1
o0,
dp
(802 12 0°Cy o
2

ot 8}72 - <{02(p‘rjat) - C’Z(ijfvt)}I{TjE(t,t-i-dt}} - (R2 - CA’Q)) bt — ré?) dt

o\ -1
90
Op '

which yields

+ {OI (ij ) t) - él (prj—a t)}l{rje(t,tert}}

+ {62(p7j7t) - C’Q(ij—7 t)}I{TjE(t,t‘i—dt}}
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The left hand side of this equation is a function of T} but not 75, and the right hand side of this
equation is a function of 75 but not 71, so both sides must be functions independent of their maturity
date, say —ayp(p,t)dt. Therefore, we have the equation for corporate coupon bond with default
intensity p;, taking the recovery assumption into consideration:
o 2 Ty
- ({é(p‘rj’t) - é(p‘rj*7 t)}lrje(t,t—i-dt} - (Rr- e T é))pt - TCA'} dt

+ (é(ijvt) - é(ij—7t))ITjE(t,t+dt} =0. 22

[aé 1,0°C  oC

Here a,, is a risk neutral drift of p;. We can write a,, in the form a,(p,t) = a(p,t) — s(p,t)A(p, 1),

) = epd o)
Er)

where \(p, t is called a market price risk of p; and measures an extra compensation

per unit of risk for taking on the risk incurred by p;. In the computation below, we assume that

A(p,t) = 0, so that ap(p, t) = a(p, t).

Note that the probability of the survival of the bond at time 7T, given it was not defaulted at time
t(< T'), denoted by P(t,T) is given by

P(t,T) = e~ Ji p&) ds 2.3)
and since p; = pg + f(f ap(p, t) dt + fot sp(p,t) dW + Z;V:tl pr;—Uj, we have

P(rj-,75) = e 7= 2.4)

Now, in addition to the previous assumptions, let us also assume the following.

Assumption 4: The defaultable coupon bond price at time ¢ = 7;_ is the expectation of the price at

time ¢ = 7; with respect to the survival probability measure P, i.e.,

= C(p,rj)e =Y 4 R-eTmT=m) (1 — e Pi=Us), (2.5)



Especially, if t = T— = 7,,_, we have

~

Cp,T-) = 1-P(T—,T)+R-(1—P(T—,T))

= e Pr-Un L R.(1— e Pr-Un)
and C'(p,T') = 1 if there is not default until ¢t = 7. O

In addition, since as the default intensity increases, the company is more likely to get defaulted we

have the following boundary condition:

lim C(p,t) = R.

p—00

If p = 0, then it implies that the bond is default-free. Therefore we also have the following boundary

condition.

Clp=0,t)=e T,

Since these boundary conditions are not used in solving the equation, they will not be repeated

below.

Then the equation (2.2) on each time interval [7;_1, 7;) becomes the following

aC 1 ,0*°C  aC Tt A .
§+§STZ)2+G87P+(R€ C)pt rC =0
or
aC 1 ,0*°C  aC A (T
00 | 1,0C, 9C G4 R-e Ty, —
o T2t a2 T, (r+p)C+R-e Pt
with the terminal condition:
CA'(p,Tj,) = é(p, Tj)e_pTi—Uj +R- e_T(T_Tj)(l - e_pTJ'—Uj). (2.6)

This is a nonhomogeneous parabolic equation with variable coefficients and a terminal condition.
First we will solve this on the time interval [7,,—1,T), i.e.,

aC 1 ,9°C  aC - (Tt

o T3¢ W+a%—(r+pt)C+R‘e "Iy =0 (11 <t <T,p>0),
Cp,T=) = C(p,T) - eV 4 R (1 — 777 0) (p>0).
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By letting

~

C =ue 7T, 2.7)

we have

@ 1 232u

ou
_ _ - _ — 1<
T +23 a2 —i—aap p(lu—R)=0 (Th—1 <t <T,p>0),

u(p,T=) = e Pr-Ur £ Re (L= ePr-Un) — e Pr-Un(1= R) + R (p > 0)

(2.8)
since C'(p, T) = 1.
Using the change of unknown function
i=u—R, (2.9)
?ZJr;s?gZngragZ—ptﬂ:O (Th1 <t <T,p>0),
W(p,T-)=u—R=[eP-Un(1-R)+ R —R=¢eP-Un(1-R) (p>0).
By a further change of the unknown function to W' = W (p, t) so that
o= We PT-Un(1 - R), (2.10)
We obtain the terminal value problem on the unknown W:
8¥+;328;g+aaaf—ptho (Tho1 <t <T,p>0), o

Wp,T-)=1 (p>0).

From (2.7), (2.9), and (2.10), we can express the price of defaultable coupon bonds for 7,,_; <t <

T in terms of W as follows:

C(p,t) ue ") = (4 + R)e"(T—Y

= (WePr-Un(1 - R)+ R) e "T1

= (Wepr_Un)efr(Tft) +(1— Wepr_Un)R e—T(T—t).

C'(p, t) is considered to be the expectation of the bond price at time ¢ . So We™PT- can be regarded

as the probability of survival at time £ and 1 — We™PT- as probability of default at time .
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In solving (2.11), we will follow Wilmott (1998) and O et al (2005) and restrict a(p, t) and s(p, t)

to the following cases.

Assumption 5: a(p,t) and s%(p, ) are linear in p,

a(p,t) = b(t) —c(t)p, (2.12a)

s3(p,t) = d(t)+ e(t)p. (2.12b)

Assume that the solution of (2.11) is given in the form:

W(p,t) _ eA(t,T—)—B(t,T—)p.

Then, since
ow ow 0*W
—=A"-Bp)W —=-WB
o ! P) ap ap?
where A’ and B’ are derivatives of A and B with respect to ¢, respectively; substituting these in

(2.11) gives

= W B?

A+ %d(t)B2 —b(t)B+p <—B’ + %e(t)BQ +c(t)B — 1) =0.

This holds for any value of p, so we must have

A"+ Ldt)B2 —b(t)B =0,
(%) () (2.13)

—B'+ 3e(t)B*+¢(t)B — 1 = 0.

Note that since W (p, T—) = 1 from (2.11), we have A(T—,T—) = B(T'—,T—) = 0. Once we

solve for B in the second equation in (2.13), we can find A from the first equation as follows:

A, T—) = —/tT_ <b(s)B(s,T—) - ;d(s)BQ(s,T—)) ds.

In solving (2.13), we will restrict (2.12) to the following cases: (i) ¢(t) = c¢(constant); e(t) = 0, (ii)
c(t) = 0; e(t) = K > 0(constant).
Case (i): c¢(t) = c(constant); e(t) = 0. Then, we have

dp = (b(t) — ¢ p)dt + ~/d(t) - dW;.
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This case covers Vasicek model (b, ¢, d are constant; e = 0), Ho-Lee model (¢ = 0,e = 0,d is

constant) and Hull-White model (¢, d are constant ¢ = 0). Then, the second equation in (2.13)

becomes
B =¢B -1,
and the solution is
1— efc(Tft)
b C # 07
B(t,T—) = c
T—t, c=0

Case (ii): ¢(t) = 0;e(t) = K > 0 (constant). Then we have

dp = b(t)dt + \/d(t) + K - p - dW}.

This case covers Merton model (b, d are constant; ¢ = 0, e = K = 0). Then the second equation in
(2.13) becomes
K
B - 532 +1=0.

: _ /K
Letting x = 1/ 5 B,

dx K
— = —{/ —dt.
1 — 22 2
Integrating both sides, we obtain
1 14z K
—-1 k=—/—t.
R V2

Using the terminal condition o(T—,T—) = /5 B(T—,T—) = 0, k = —\/ 5 T. By substituting

B back in x and solving for B, we obtain the following:

Bty — [ /T 1) —ern(-

¢ exp(\/5(T— 1)) + exp(—

(T —-1))
(T —1)

Therefore, assuming that the price of defaultable coupon bond attime t = T'— = 7,,_ is C (p,T—) =
C(p,mn—) = e PT-Un L R.(1—eP7-Un) _the price on defaultable coupon bond for 7,1 < t < T

is given by

é«(p’ t) _ eA(t,T—)—B(t,T—)pt—pT,Un—r(T—t) + (1 o eA(t,T—)—B(t,T—)pt—pT,Un)R . e—r(T—t)
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where

T—
A, T—) = — /t (b(s)B(s,T—) - ;d(s)Bz(s,T—)) ds 2.14)
and
lee Y dp = (b(t) — c- p)dt + \/d(t) - AWy, c # 0
B(t,T—-)=<m, dp = (b(t) — c-p)dt + \/d(t) - dWi,¢=0

_t7
B \ﬁ.expu/%(m))—exp(f
¢ " eop(y/5(T—0)+eap(—

IO = (o)t + AT T K p-dWi,
2.15)

Letting t = 7,,_1, we have the value for C‘(p, Tn—1),

Cf(p Tn 1) — eA(Tn—l7T*)*B(Tn—17T*)p‘rn_1*pT—Un*T'(T*Tn—l)
y _

+ (1 — €A(Tn71’T7)7B(T"71’Tﬁ)pT'nfl7pT*U”)R . e_T(T_Tnfl)

)

and then we can get the terminal condition on the interval [7,,_2, 7,,—1) from (2.6), which is:

Cp,7n-1)-) = Cp,ma-1)e 700

Unfl )
P A <6D(T"1’T)j§1p” R eD(TnI’T)J;lpTJUJ))

+ R . e—T(T—Tn_l)(l _ e—PT(n_l)_

where D(Tn_l,T—) = A(Tn_l,T—) — B(Tn_l,T—)p(T(nfl)).

From (2.6) with j = n — 1, we have:

(oC 1 ,0°C  oC .
e i = _R.e (T, _
T +2s 2 +aap (r+p)C—R-e pr =0
(Tn—2 S t < Tn—1,P > 0))
R D(tp-1,T—)— Zn: pr._ U; D(ry—1,T—)— i pr. U
C(p, T(n-1y-) = e "T=n-1) (e 1 ST LR —e j=n—1 ]))
(p>0).
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As before, letting C' = ue "(T~1 | we have
ou 28 ou
51 T2 g Tag, ~Plu—R) =0 (Th—2 <t <Tn1,p > 0),
(2.16)
D(Tn 1,7— )_ E PTJ_U
u(p, Tn—1)-) = € j=n—t (I1-R)+R (p>0).

Again, using the change of unknown function

ot 0% ou
E—F%SQTPZ—FCLFP—Z){UJ:O (Tn—2§t<7-n—lvp>0)a

W(py 1)) =u—R=¢ =TT (R (p>0).

Using the change of unknown function W = W (p, t) so that

D(Tn 1,T— )7 Z PT],U'

o =We j=n"1 (1-R),
oW 1 ,0°W oW
- T3 vl = n—2 St <Tph-1, ;
o T 3% ap? +a8p pW =0 (T2 <t<Tp_1,p>0)
W(p7 T(n—l)—) =1 (p > 0)

Again we set W (p,t) = eAtTm—1) =) =Bt )P,
So we can write C‘(p, t) in terms of W as

A D(rpn—1,T—-)— 2": pr;_Uj D(tp—1,T—)— i pr. U;
Clp,t) = (We =t T e T 4 (1 W ja P

As before we find A(t, 7(,,—1)_) and B(t, 7(,,—1)_) as follows:

T(n—1)- 1
At ) == [ (M B T ) = B i) ) s

and
1— e—c(’rn_l—t)
— dp = (b(t) —c-p)dt + \/d(t) - dWi,c #0
Tn—1 — t, dp = (b(t) — c-p)dt + /d(t) - dWi,¢=0
B(t, T(n-1)-) = Srno1—t) _ =511

Io]| wlo)

e
_\/7 Vi1 | o=y/5rm1—t)]
dp = b(t)dt + \/d(t) + K - p - dW7.

»
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So for 7,,_o <t < 7,,_1, we have

n
R D(t(p_1)—T—=)+A, 71— )—Bt,T(—1)— )Pt — pr. U;
Cipt) = [ oo TR T BT e, 2 Py e

D(t(n—1)-, T=)+ART(n—1)-)—Bt:T(n-1)-)Pt— > P Uj
j=n—

+|1—-e

By extending this backwards, we have the following result.

Theorem 1. Under Assumptions 1 through 5, the price of the defaultable corporate coupon-bond

forany 0 <t < T, with7;_1 <t < 7j,is given by

A~

G(p,t)

I
o
o

(p,t) +

7j

(p, ;7)) (2.17)

%

t

A~ A(t’T_)_B(t’T_)pt_kZ,ka'f Uk

= efr(Tft)

n
A(thf)fB(tsz)ptf Z Py Uy
k=j

+l1-e R-e"TY (2.18)

where

At T—) = _/;j_ <b(S)B(S,Tj)—1 (5)32(5,Tj)> ds

\V)

n

— Z /Tk (b(S)B(S,Tk) = ;d(S)BZ(Ska)> ds (2.19)

k=j+1" k=1
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and

n— (] _ 1) _ e—C(Tj—t) _ Xn: e—C(Tk-—Tk—l)
k=741
c )
if dp = (b(t) —C p)dt Ty d(t) ~dWh + ij*UjI{TjE(Lt-‘rdt]}? c#0
Tt
BUT=) =4 itdp = (b(t) — ¢~ p)dt + \/d{D) - Wi + pry—ULr,eunrany = 0
V5=t 4 i eV 5 (Te=Tem1) _ o=/5(m—t) _ i eV 5 (=71
D k=j+1 k=j+1
©eVEmT 4 Y VI o) o VI 4 3N VBT
k=j+1 k=j+1
if dp = b(t)dt + \/d(t) + K - p-dW1 + pr,—Ujlr (s 1+de])

(2.20)

with, on each time interval, 7;_1 <t < 7;

1— e_c(Tj —t)

, dp = (b(t) — c-p)dt + \/d(t) - dW1,c # 0

C
B(t,r;_) =< 75— t, dp = (b(t) — c-p)dt + \/d(t) - dW1,c =0
\/5 eV 5(Ti=t) _ o=y/5(7—t) PRI y —
/e : =b(t)dt + \/d(t) + K - p- .
¢ VEE 4 /5T p=b) ®) pari

(2.21)

In this section, we assumed that the solution to (2.11) is given in the exponential form. This is
because the intensity model is considered to be an extension of the hazard rate model, which has
a solution in the exponential form. It should be also noted that the Black-Scholes equation admits
the exponential solution form via exponential transformation. While the Black-Scholes equation
has constant drift and constant volatility, we assumed that the drift and the volatility of our PDE are

dependent on the intensity and time.

30



2.2 Corporate Coupon-Bond with Constant Interest Rate - Expected and Unexpected De-
fault

Under this section, we consider default event as both exogenous and endogenous event. While
exogenous cause occurs outside the company’s control (so we will use default intensity as in the
previous section), in case of endogenous cause, the company decides to file bankruptcy when its

total asset hits the predetermined barrier.

2.2.1 Formulation

Assumption 1: The firm assets V' = V(t) = V; consists of m shares of traded stock, whose price at

time 7 is S = S(t) = S, and n coupon-bond certificates, whose price at time ¢ is C' = C(t) = Ct:

The firm assets value also follows the geometric Brownian motion (drift ay-, volatility sy : constants)

on [t,t + dt] if coupon is not due on the interval,
AV = ay Vidt + sy VdWs, (2.23)

and on predetermined coupon payment dates ¢ = 7;, where j refers to j-th interest payment, j =

1,...,n, the jump of V; is given by

AV, =V,

;= Vi— = neC(T) = ne,
where c is the coupon rate of the bonds and 7 is the maturity of the bond. (Here we assume that the

bonds are redeemed at their face value; therefore, C(T') = 1.)

Assumption 2: Unexpected default intensity is given by

t t Ny
pt=po+ / a(p,t) dt +/ s(p,t) AWy + ZPTJ_Uj’
0 0 °
7=1

where N; is the number of interest payments up to time ¢. This is right- continuous, adapted pro-
cess with finite and predetermined discontinuities. We assume that E(dW; - dW3) = 0, that is,

unexpected default is not correlated with the asset value of the company.
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Assumption 3: Expected default occurs when
V< V(t);  Vi(t) =VgorVge "I,

where Vp is constant and 7" is the maturity of the bonds.

Assumption 4: The defaultable corporate coupon-bond price is given by the function G = G(V/, p, t),
which constitutes of C' = C'(V, p, t), the value at time ¢ of the principal portion only, and ¢;, the i-th

coupon with ¢;C(V, p, t; 7;) to be the value at time ¢ of i-th coupon due on 7;. Therefore, we have

G(V,p,t) = C(V,p,t) + Y c;C(V,p, t; 7).
i >t
Assumption 5: Expected and unexpected default recovery is Ry = R - e*’"(T*t); 0< R<1;

constant.

Problem: Under these assumptions, we will find the corporate bond price of defaultable corporate
coupon-bond with both expected and unexpected default, which is given as a function of V. p and ¢,

thatis G = G(V, p, t).

2.2.2 Derivation of the Model

We will form a portfolio by buying one bond certificate under consideration and selling A; shares
of traded stock and As certificates of corporate coupon bond with unexpected default only, whose

pricing was considered in the previous section and here assumed to be traded. That is,

II=C—AS—AC. (2.24)

So the price change of the portfolio over a small increment of time dt is given by

dll = dC — A1dS — AodC. (2.25)

From (2.22), S = %w Substituting this in (2.24) and (2.25),

A A .
M= (1+%)C— Ly — AoC (2.26)

m
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and

dIl = (1+M)do—ﬂdv AsdC.

If there is no unexpected default in time interval [¢, ¢ + dt] with probability 1 — p,dt, noting that we
assumed that unexpected default is not correlated with the total asset value of the company, by Ito

formula, the value change in the portfolio is given by

Al = (1 Am)dC—AldV e

m
- A\ [((8C | 1,0°C  , ,0°C oCc  aC
- (H m>{(<8t+2[p8p SV g dt)*avdv+apd

+{C(V,Prj,t) - C(V, Prj—» )}I{Tje(t,tert]}
A
HCV —ne,pi, t) — C(V, py, )}I{TJ tt+dt]}:| - idv

oC 1 ,92°C aC . R
—As (( % T3 ,293 5 )dt + @dp+ {C(pr;»t) — C(ijfat)}I{TjE(t,t-i-dt]})'

(2.27)

We will choose A; and Ag so that we can get rid of uncertainty caused by dV and dp terms, i.e.,

(1+A1n)870_£:07 (1+A1n oC ABC

oV m )8p >op =0.

Solving for A; and Ao,

oC oc\ !
A= mav<1”6V> )

—1
oc [ oC oc\ t
Ay = 1—n——
> o <8p> ( ”av) - and

An ac\ !
1+— ) =1—-n— .
() = (=57)
Substituting these in (2.27),

B ac\ '[roc 1. ,0°C  ,_,0°C
dll = (1—n> [((%+2[ a—+svv ])dt

HCOV,pr 1) = C(V,pry -, ) H iz et i4agy + {C(V —ne, pi, t) — C(V, py, t)}l{rje(t,wrdt]}]

N -1 1 R
ac (oc ac\ " 100 1 ,°C i
~ap (817) (1 B "av) (G +3 3% gzt + 10, 1) Cor,= O ctaran)

(2.28)
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In case of default, with probability p;dt, the price change in C' and C are given by
dC=R;—C and dC=PR-C,

where R refers to the recovery rate of bond price with unexpected default only. Then, the price

change in the portfolio is

dil = (1+A;;1>(Rd—c)—/;(dw Ay(R—C)

ac\ ! oc  ac (aC\ T . .

By the arbitrage principle, the expectation of dII must be equal to rIIdt. That is we have the

following:
(2.28) x (1 — pedt) 4 (2.29) X ppdt = rIldt (= r x (2.26) x dt).
Therefore,
oCc 1 8 C’ 26 C oC
<8t+ 5[ 87 VV 8V2:| +TVW —rC — {{C(V,ijat) _C(Vaij—vt)}I{TjE(t,t-i-dﬂ}

+{C(V —ne,pi,t) = C(V, py, t)}I{Tje(t,t+dt]}}pt + (Ra — C)m) dt

+ {{C(V, prjt) = C(Vipr,— ) rc(trary +{C(V —ne,pr,t) — C(V,pr, t)}I{TjG(t,t+dt]}}
_oc foC) o
~op \ Op ot

1o ’PC .
2
- {{é(ij’t) - é(p‘rj_7t)}I{TjG(t,t+dt]}}pt}dt + {C Prj»t O(ij—)t)}I{Tje(t,t"rdt]}] .

87 + (R C)Pt + T‘C

(2.30)

From (2.2), the terms inside the bracket on the right hand side of the equation is equal to —a,(p, t) %dt,
then, (2.30) becomes

{ac 1[ ,0°C VQa c] e

ot T2l o172 it
- (1 - ptdt){{C<V7pTJ>t) - C(Vvv Prj—, t)}I{TjE(t,t-i-dt]}

+{CV = ne,pit) = CVopt, ) Hirycuppany | = 0. (231)

oC
+ a/paip — 7"0 +p(Rd — C)}dt
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From the financial point of view, it is reasonable to consider that as every coupon date approaches,
the bondholders start to take into consideration the possibility of default due to the jump (decrease)
in total asset. Therefore, the bond price converges to what the investors would expect of what it

would be in the future, i.e. its expectation. So, let us assume the following:

Assumption 6: The defaultable corporate coupon bond price at time ¢ = 7;_ is the expectation of

the price at time ¢ = 7. 0
To find the expectation, we need the following lemma:

Lemma 2 The endogenous survival probability at ¢ = 7;, given the survival at time ¢ = 7;_ seen

from time ¢ = 7;_1, denoted by Q(7;_, 75; 7j—1) (or Q(7;_, 7;), for short) is given by

- [ay Sy —E 2m ay Sy
— ol =L — X)) \p — _ DY el S
exp{ m<sv 2 )} (x/Tj—Tj—l Vi—ma VT 1(SV 2 >>]/
. [ay Sy —i) 2m ay Sy
2 — — =) @ - — T =T — — = 2.32
exp{ m(SV 2 >} <\/Tj —Tj—1 \/Tj —Tj—1 7 7 1(8\/ 2 ))’ ( )

Vb

Vi

Vi+nc
V,

where b = L In
sV Ti—1

andm = - In
sv

Proof.
The endogenous survival probability at ¢ = 7, given the survival at time ¢ = 7;_ seen from time

t= Tj—1 1s:

Q(7j_,75)

P (Survival at 7; seen from7;_1 M Survival at 7;_ seen fromTj_1>

P (Survival at 7;_ seen from Tj,1>

P(minﬁ_lgsgq_ V(s)> Vi V(r_) > Vi + nc)

(2.33)
P(ming, <ocr, V(s) > V)

Therefore we need to find the two probabilities in Equation (2.33). To find them, we will follow the

method shown by Shreve.
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Let B(t) be a Brownian motion without drift and define

M) = g2je, )

Then by the reflection principle, we have:

P(M(t) <m,B(t) >b) = P(B(t) <2m—b)
1 2m—>b x2
_ _Ty b.
\/277#/—00 exp{ Qt} z, m<0,m<
Then the joint density f(m, b) of this probability is given by:
92 1 2m—b 22
b)) = —— —=3d
Jm.0) = 5 ont /oo eXp{ Qt} v

e )
_ 2(2m-—b) exp{ B (2m—b)2}

tv/2mt 2t
so that
P(M(t) < m,B(t) > b)
/xb/_oo tz\?j;w exp{_(2y2—tx)2}dyd$’ m < 0,m <b.
Now let

B(t) = 6t + B(t) and M()—OrélslgtB()

where B(t),0 < s < t is a Brownian motion without drift on (2, .%#, P). Define
1
Z(s) = exp{ —60B(s) — 5928}
~ 1
= exp{ —0[B(s) — 0s] — 5«928}
~ 1
= exp{ —0B(s) + 5925},
P(A) = / Z(s) dP
A
and set M (t) = ming<,<; B(t). Then, under P, B(t) is a Brownian motion without drift, so
P(M(t) < 1n, B(t) > b)

0o m 2(2y — 2y — 2 5
= / Mexp{—(‘yﬁm)}dydw, m < 0,m < b.
y



Then under P-measure, we have

2y — x)? 1
exp { - (y2tzL‘)} exp{fx — 59275} dy dx,

Now let us define V' (¢) as in Assumption 1, that is,

dV(t) = ayV(t) + sy (1)dB(t) + nelyzeltt+at)}-

For t € (0, 71), The solution for (2.35) is given by

V(D) = Voexp{svB(0) + (av — 2sh)t)

2

— Voexp{SV[B(t)“' (al_ﬂ)t]}

= Vpexp {Své(t)}
where

ay SV
=" _

and B(t) = 0t + B(t).
Sy 2

So, by setting M (t) = ming<s<; B(t) as before, we have

min V(s) = Vyexp{sy M(t)},

0<s<t
and
V) > Vy+ne =  B@) Slvlnvb;onc
dg%v®y<% = M@ ;Ang
and by letting $ In Vb%om = band $ In % =m,

Vi<Vo<Vi+nc = m<0<b.
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So, by (2.36) through (2.38), we have

P( min V(s) < V;, V() > Vi + nc) = P{M(t) < i, B(t) > b}.

0<s<t

By integrating (2.34), we have

P{M (t) <>>b}
-/ /_w e T
[ H}] "

_ 1 o0 (2m — z)? 1,
v <exp{ o7 + Oz 20 te ) dx
_, [e=b — (2 + t0))°

_ 1 62m9/ exp{_(l‘ (2 + t0)) }dx

V2t o0 2t
—(2m +t0
(by letting =z = a:(m—i—))
Vit
1 —b—(21m+16) )
20 Ve -z
= ——e¢ e 2 dz
\ 2T 2——00
_ ewq)(—b— 2m—te>
Vit
ay Sy
(Substltutlng 0=——— back)
Sy 2

corfenC (T Y))

where b = L In Yetne and m = -
sy Vo

ln Vo

Since V' (t) is lognormal on the interval without any jump, the probability V' (¢) > V} + nc, seen

from time ¢ = 0 is:

2

P(V(1) > Vi +nc) = @(m W”C;Ej; - SW) - q»(— ji - Vi - SV)> (2.39)
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Therefore,

P( min V(s) >V, V(ri-) >V, + nc)

0<s<71_—

=P(V(r-) >V +nc) —=P(_min V(s) <V,,V(r1-) >V, + nc)

0§S§T1,
B ay Sy
=P — — — (2L 2V
< v/ T1 Tl(SV 2 ))

—exp {om(W - ) g L2 mav v
sy 2 VL VT sy 2
Wheregzélnv”%o"candmzéln%‘

Now, taking m = bin (2.34) and replacing V;, + nc by V;, in (2.39), we have
P{ min V(s) > V3, V(ri-) > Vb}

=P{V(r-)>Vp} — P{ogrglgirrll, V(s) <V, V(=) > WV}

<o~ el =) ooy - el GG - )

where m = $ In %
Therefore,
b ay Sy
_ — | — — (2L _ 2V
Ar—m) <ﬁ Vil =3 ))

where b = L In t7¢ andm = L 1n ¥,
sy Vo sv Vo

And for j = 2...n, we have (2.32). O

If we let the endogenous survival probability at time ¢ = 7;, given the survival at time ¢ = 7;_, is
Q(7j—, 1), and the exogenous survival probability at time ¢ = 7;, given the survival at time ¢t = 7;_

is given by P(7j_,7;) , then Assumption 6 is expressed as
C(r-) = E[C(1)]

= C(7)) - Qrj—, 7)) P(1j—, 75) + R[l - Q(7j-, Tj)P(Tj—aTj)} (2.40)
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and especially

c(r-) = E[C(T)

— 1-Q(T—,T)P(T—,T) + R[l . Q(T—,T)P(T—,T)].

For convenience, hereinafter we refer the survival probability (both endogenous and exogenous

combined) at time ¢ = 7; given the survival at t = 7;_ as S(7;_, 7;), that is,

S(7j—,1j) = Q7j—, 7)) P(Tj—, 7§) (2.41)

As in the previous section, if we consider time intervals [7;_1, 7;), (2.31) reduces to

'86? 41 5 s ,,(223 vVQgi/C;} +apgc +7“Vg€ +(r+p)C

+e " T Rp =0 (rjo1 <t <75,V > Vi,p > 0)
C(Vi(t),p,t) = e 7T (tjo1 <t <T15,p>0)
C(V,p,73-) = C(V,p,73) - (7, 75) + B[ 1 = S(73-,75) (V> Vip > 0)
Vlgr)(l)o C(V,p,t) = e (T (tj-1 <t <Tj,p>0)
plln;oC(Wp,t):R (tjm1 <t <1,V >W).

And especially for ¢ in [,—1,T), we have

%(Zntl[ ,,(223 VVQgi/(’;]+ang+rvg€+(r+p)c

+e T T=YRp =0 (Ther <t <T,p>0,V >Vy,p>0)
C(Vy(t),p,t) = e (fhe1 <t <T,p>0)
C(V,p,T) =1 (V> Vp,p>0)
C(V,p,T—)=1-S(T—,T) + R l—S(T—,T)} (V> Vip > 0)
Vlgréo C(V,p,t) = e~ r(T-1) (Th—1 <t <T,p>0)
plirgoC(V,p,t):R (Tho1 <t < T,V > V).

(2.42)
As before, we will try to solve (2.42) for ¢t € [1,,—1,T), then solve for other ¢ backwards. Using the
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change of unknown function

(2.42) becomes
(Ou 1 282u 9 282u
E + Q[Spaip2 +SVV W] +CLp
—p(u—R) =0

u(Vy(t),p,t) = R

u(V,p,T) =1

= R+ S(T—,T)[1 - R]
Vlim u(V,p,t) = CerT—1

lim w(V,p,t) = Re"T—1)

p—0o0

0
£+TV

C = uefr(Tft)’

ou

Op oV

w(V,p,T—) =1-S(T—,T) + R[l - S(T—,T)}

Using the change of unknown function again,

(Th-1 <t <T,p>0,V >V,,p>0)
(Tn—l §t<T7p>0)

(V>V,p>0)

(V> Vy,p > 0)
(Tnfl §t<T7p>0)

(Tho1 << T,V > V).

(00 1, ,0%0 o ,0%
ot 2 [Spaipz + SVV 8‘/:2]
0 i
+ap—u+rV—u pi=0 (1,1 <t<T,p>0,V>V,,p>0)
0 ov
’&(%(t),p,t) =0 (Tnfl <t< Tap > 0)
aV,p,T)=1-R (V> Vy,p>0) (2.43)
u(‘/vva_) - (1 - R)S(T_7T) (V > Vi, p > 0)
lim a(V,p,t) =0 (Th1 <t <T,p>0)
V—oo
lim @(V,p,t) = R(e"T=9-1) (Th1 <t < T,V > V).
p—o0
Using the change of unknown function again and letting
u=W(V,p,t)S(1 — R), (2.44)
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C(V,p,t) can be expressed in terms W (V, p, t) as

C(V,p,t)

ue—r(T—t) _ (ZAL + R) . e—r(T—t)
[(WS(1—R)+R]-e 7T
[WS —WSR+ R]-e "1

WS-e Tt 4L (1-WS)R-e T,

We can interpret that the price at time ¢ is an expectation of the value of the bond at time £. So we

can regard W S as survival probability , and (1 — WS as default probability at time ¢. Using (2.44),

(2.43) we have the following pricing model:

Theorem 3. Under Assumptions 1 though 6, the price of the defaultable zero-coupon bond with

expected and unexpected default at time ¢ € [7,,—1,T) is given by the following:

C(V,p,t) =WS-e T 4 (1 —WSR. e T

where S is given by (2.41) and W (V, p, t) satisfies the following PDE and determining conditions:

oW 1. ,0°W
s
ot 2P 9p?

2 172
+ 7V

W(Vi(t),p,t) =0
W(V7p7 T_) =1
Jim W(V.p,t) =0

lim W(V,p,t) =

p—0o0

2.2.3 Particular Solution

+ap87p

R(GT(T—t)—l)
S(I—R)

O*wW
ov?

—i—rVa—W—pW:O

57 (Th—1 <t <T,p>0,V >V,p>0)

(Tn—l <t < Tap > 0)
(V> V,p>0)
(Tnfl <t< T)p > 0)

(Tn—l <t< T,V > %)
(2.45)

In addition to Assumptions 1 though 6, we try to find a particular solution W (V/, p, t) in the separa-

tive form

W(V,p,t) = f(V.t) - g(p,1).
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Substituting this in (2.45), the PDE in (2.45) becomes

of 1, 282f of dg 1 2829 dg N
E‘i‘isv‘/i‘i‘r‘/i a+§sv87p2+apaip pg f—O

V2 av |9

To get the solution for (2.45), we further assume the following:

Of |1 5 50%f of
or T e TV gy =0
dg  1,0% 9g B

ot + 28”6192 —i—apap pg = 0.

Then, we need to solve the following two problems.

Of 10y @F |, 0F _

8t+25UV aVQ—i—rVaV—O (Th—1 <t < T,V > V)

f(Ve(t),t) =0 (Ta1 <t <T) (2.46)
fv,r-)=1 (V >V

and

0 0? 0
—g—k%sg—g—}—apa—]g?—pgzo (Th1 <t <T,p>0)

ot Ip? (2.47)
g(p,T—) =1 (p>0).
First, we will solve (2.46). To do so, let
\%4 \%
Vb:ey = yzlnvb, and
oo (@) -nst
2
and
f(V, t) = %0(97 t)'
Then, (2.46) becomes
(Ov 9% 2\ Ov (T-)s?
— =+ (1-5r)—==0 (0<¢<—2Y0
ot Oy? < s%r)ﬁy (0=¢< 2 <y <)
k
T )s2 (2.48)
v(0,¢) =0 0 <<
1
{ Vo
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Assuming that the solution v(y, ¢) is in the following type

v=w - e Hh

2
where « and 3 are to be chosen later, and letting k = 1 — —r, the first equation in (2.48) becomes
SU

we = wyy + (02 — ka — B)w + (2a — k)w,

where the subscripts refer to the partial derivatives with respect to the subscript. We chose « and 3

so that the coefficients of w and w,, are equal to 0, that is

ko1 r
@ = 55572
2 2 sy

k2

= o®—ka=——.

Substituting these in (2.48), it becomes a heat equation with the initial condition:

T )s?
We = Wyy (O§C<( Z)V

1
w(y,0) = ?be_gy (0 <y < o0).

,0 <y < o0)

Define
h(y) = w(y70) = Veify) (y > O)
b

0, otherwise.
Let w; (y, ¢) be a solution of the initial value problem

We = Wyy (0< (¢, —00 <y <o0)
w(y.0) = h(y) (=00 <y < oo).

and wa(y, () = wi(—y, ) (and so wz(0,¢) = wi(0,(¢)). Then, by the solution formula and the

image solution method

r:6) = 5= [ e (- T b= o [T (- L) ae

n:6) = 5= [ e (- LY g

and
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W(y, C) = wl(y7 C) - CUQ(y, C)

Computing w1 (y, ¢), we have

I (y — &)
= h - d
wl(y7<) 2\/R 0 (5) eXp( 4C §
. §—y
lett = ——
(e ing z \/ﬁ)
— E(ov/2ty) | =35 gy — L Byt sR? /OO — L (e EEEY?
= e 3l e dz = e 2971 e 2 2 dz
Vb\/27r Y Vv 2 ~
\/ Ck
<lett1ng n=z+—
1 €12 > 7?2
= e 2Vtik / e 2 d
Viv2m _%C+¢227k n
1 ¢1.2
= e 2y+1k (b d
V};\/ﬂ ( 1)
where .
\2Ck In - s r
gy =L YEE_ b (T") t(V——) (2.49)
2C 2 (T_) - t)SV 2 Sy
Similarly,
I (y+€)2>
, = h — d
a0 = g [ @ew (- ) ac
1 k. C2
= e2¥ iR o (d
N (d2)
where
Yy \/2<k In Sy r
do = — + +V(T)—tl— — — ). 2.50
? \% QC 2 (T_) — t)SV ( ) ( 2 Sv) ( )
Therefore,

fVit) = Ve-u(yt)

= V- ewth< (w1 (y,¢) — wa(y, Q)
1—T
= ®(dy) — <“//;;> Vo ®(da)

where d; and dy are as defined above.
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Notice that the IVP of g(p, t) is the same as (2.11).

Hence,

W (V,p,t) = eAGT)=BET)p

B(dy) - (5) Y ()

b

where d; and ds are defined by (2.49) and (2.50), and A(¢,7") and B(t,T_) are defined by (2.15),
and (2.16). So C(V, p,t) is given by

C(V,p,t) = W(V,p,)S(T—,T)e ™" + (1 - W(V,p,t)S(T—,T)))R-e T

-3
_ 6A(t,T—)—B(t,T—)p |:‘I)(d1) o (“;) v (I)(dg):| S(T—, T) . e—r(T—t)
b

1—2r

s2
+{1 — AGT)=BET—)p [(D(dl) — (g) v <1>(d2)] S(T—, T)}R et
b

and when ¢ = 7,,_1, we have

1— 20
CV,p, ) = e D)= Bmm o {‘I’(cﬁ,n) - <¥> N @(dz,n)]S(T—,T) e (T =)
b

- v\I"Z
_|_{1 — Alrn-1,T=)=B(Tn—1,T-)p [@(dlm) o (V> v ‘b(d?,n):l S(T—; T)}R Lo T (T =Tn1)
b

where, for j =1---n,

V.
In —<4=
Vs Sy r
_ ST/t n<7 _ 7) 2.51)
a VT /nsy / 2 sy
and
In ;2 sy r
do; = ——13= 4+ /T n(———). (2.52)
20 VT /nsy / 2 sy

We will solve fort < 7,,_1, by solving the PDEs backwards on each interval [7;_1,7;),j = 1---n—

1. On [7y,—2, Th—1), using (2.40) for the terminal condition, the IVP becomes
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ocC 1[ ,0%C , 0°C oC
2

ocC
- - r(T—t)
t+ —|—s V2 V2]+ap +7rV V+(7“+p)C+e Rp =0

(Tn72 S t < Tn—1,D > 07V > %729 > 0)
C(‘/»pv 7-(nfl)f)

-3
= or(T=me) [eA<MT>B<MT>P (@(dl,m - (5) V0 (dan) | ST T)S (70 1) )
b
. v\I"Z
+R{1 — eA(Tn—l-,T*)fB(Tn—l’Tf)p (@(dlm) - <V > v (I)(dg n)) S(T T)S(T(n_l)_, Tn—l) }]
b
(V> Vy,p>0).
(2.53)
As before, letting C' = ue~ (T, (2.53) becomes
ou 1 8 u 5 0%u ou _
a3l gE + g +"”a Voy ~pu- ) =0

(Tn—2 S t < Tn—1,D > O,V > ‘/bap > 0)
u(‘/vpa 7-(nfl)*)

1-2r _
— AT, T )= B(1n_1,T )p <@(JL,L) - (g) v @(dgyn)> S(T_,T)S((n-1)_+Ta-1)(L = R)+ R
b

(V> V4p > 0).

4 =u— R,
A g , 0% du Ju
8t+ [PaQ VV 8v2]+ap%+rva7_pu_

(Tn—2 S t < Tn—1,P > 07V > T/bap > O)
a(‘/’pa T(n—l)f)

- -2
— Altn—1,T-)=B(tn—1,T-)p (q)(dl,n) _ (%) P @(dZ,n)) S(T-, T)S(T(n_l)i,Tnfl)(l —R)

(V> Vy,p>0).
(2.54)

Using the change of unknown function again and letting

- g
= W(V,p, ) I (@(dl,n> - (X ) : @(dz,n>> ~
b
S(T_> T)S(T(n—l)—a Tn—l)(l - R)
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Then (2.53) reduces to the same IVP as (2.44), so the solution is given by

-
W(V,p,t) = eAltT(n—1)-)=B(t,7(n—1)- )P ®(dy) — (V> v ®(dy) (2.55)
b

where

R R

and

Fort € (Tn_g, Tn—l),

C(V,p,t)
— WV, p, t)eATn—1:T-)=B(ra—1.T-)p (@(dml) _ (7) S%/(I)(dQ,n)>

ST, T)S(T(n—1)_sTn—1)e "1

- VN1-%
i W(V,p7t)eA(Tn1,T)—B(Tn1,T);D<(I)(dl’n)_ (7) sy q)(d2,n)>

ST, T)S(T(n—1)_+ Tn—1)e "T=D | Re="(T=1),

where W (V, p, t), ciLm cigﬂ are given by (2.55),(2.51) and (2.52) respectively.
Repeating this backwards, for any ¢ € (7j_1,7;),j = 1,--- ,n we obtain the following:

Theorem 4. Under the assumptions 1 through 6, and additional assumptions made in this subsec-

tion, the price of corporate coupon-bond with unexpected and expected default is given by

G(V7p7 t) = C(‘/vavt) + Z CiC(V7p>t; Ti)

Tizt

where
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C(V,p,t)

)
11 [(o0d - (3)" % o) strcy-ora e
i=j+1

(1 — Al )= Bl Pt AT =) =BT T )P

-[@(ch) - (:2)1% ‘I’(dz)} S(7j—s75)

n

i=j+1
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Chapter 3

Credit Derivatives Pricing with Constant Interest Rate

3.1 Credit Default Swaption with Constant Interest Rate - Unexpected Default

In the existing literature (see Schonbucher (2003a), and Hull et al. (2003)), the value of the credit
default swaption was given assuming that the price of underlying asset, i.e., the credit default swap
follows the geometric Brownian motion. However, when the information regarding the forward
credit default swap is sparse, it is not convenient to form a pricing model based on the price of
forward credit default swap. In Hull’s paper, the pricing formula for forward credit default swap
is given; however, the formula does not suggest that the forward credit default swap follows the
geometric Brownian motion. This discrepancy was observed since the arbitrage principle was used
to price the forward credit default swap, and then a PDE approach was taken to evaluate the price
of credit default swaption. This approach will also be problematic when the reference entity has
no existing credit default swap, which, if there exists, can be used to infer the drift and volatility of

forward credit default swap.

In this paper, we will take a different approach. First, we apply the PDE approach to evaluate the
forward credit default swap, and then use the arbitrage principle to find the price of credit default
swaption. This approach makes sense since the underlying asset of the credit default swaption does
not exist until the date the option expires. Also, by taking this approach, the expected fee for the

forward credit default swap takes the jumps in default intensity into consideration.
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3.1.1 Formulation

The following assumptions are valid for Chapter 3 only.

Assumption 1: Let ¢ = 0 and ¢ = T be the time when the credit default swaption (hereinafter,
the “swaption”) starts and expires respectively. ¢ = Tj is also when the forward credit default swap
takes effect upon the exercise of the swaption. Let ¢ = Ty be the expiration of the credit default
swap and, for simplicity, let us assume that 7,5 = 1,---, N falls on the interest payment date
of the coupon bonds issued by the reference entity of the credit default swap and the credit default
swap terminates on the day the coupon bonds are to be redeemed, that is 7, = Ty where 7, is as
defined in subsection 2.1.1. Let 2* be the exercise price of the swaption. This is actually the fee
the swaption holder pays on the notional amount of the credit default swap once the swaption is

exercised. Let z(t),t > Ty be the annual fee of forward credit default swap. Define
N
Z(t) = 2(t) - B[ Y W(T)Tilir,<ry + 00T Lpy<reryy)
>t
where b(T;) = exp{— ftT" r ds}, T is the time of default, and I'; and I'* are the lengths of time
interval since the last fee payment till 7; and the default date, respectively. Therefore, Z(t) is the

present value at time ¢ of the forward credit default swap. Observe that by the arbitrage principle,

the present value of the total fee leg is the same as the present value of the protection leg. That is:

Z(t) = Eb(r)(1 — R) - Iiperyy). G.1)

Assumption 2: Default is an exogenous event. Unexpected default probability on any interval

[t,t + dt] is given by,
dp = ap(p,t)dt + sp(p, )AW1 + pr,—Uj L1 (4,44t} (3.2)

where It e ¢+aqy 1s an indicator function taking 1 when 7; € (t,t 4 dt] and O otherwise, W is a

standard Brownian motion, and U; is defined the same as in Assumption 1 in Chapter 1 .

Assumption 3: Default recovery is given in the form of face value exogenous recovery (R-e~" (T~

where R is constant with 0 < R < 1 and T is the maturity of the bond) or in the form of market

price exogenous recovery (Rx bond price at default time).
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Assumption 4: The price of defaultable corporate zero-coupon bond price is given by the function
c=cC (p,t), whose solution is given by (2.18), and the price of the swaption is given by X =
X(p.t).

Problem: Under this setting and above assumptions, we shall find the price of the credit default

swaption X (p, t).

3.1.2 Derivation of the model
We construct a portfolio by hedging X (p,t) with the reference entity’s zero-coupon bonds with
exogenous default. So the value of the portfolio is:
II=X-AC.
The change of value of this portfolio over a small time increment [¢, ¢ + dt] is given by
dIl = dX — AdC.
If there is no default over [t, t + dt] (with probability 1 — p;dt), then we have

X X 1 ,02X
dH—a—dt 8—dp+ 29

ot dp 27 Op?
oC aC 820 .
_A|: ot dt + 8761 D+ ispTdt + {C(pT y ) - C(ij—7t)}I{TjE(t,t+dt]}:| .
. , X (oC\ !
To get rid of the uncertainty caused by dp term, we choose A = o \ D . Then, we have
D 4
0X 1 ,0°X
an = <8t+2 X 2)‘“
_oX (oC oC 1 2820
-tz dt
“9p \ap ot 2% Op?
HCn ) = Clom- M iryequanan | 63

If there is default with probability p;dt before the inception of the forward credit default swap, the

swaption contract becomes void; therefore, we have:

. 9X [o0\ ! .
dil = —X — o (829) (R—C). (3.4)
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Now by the arbitrage principle, we must have dII = rIldt.

Taking the expectation of dII, by the Ito Lemma, and setting this equal to rIIdt, i.e., setting (3.3) x
(1 — pedt) + (3.4) x ppdt = rIldt, we have

Ak pa
R A
N
G, 1) — Clor, O} s anypedt — ré) dt
+{C(pr;,t) — Clpr,—, t)}I{Tje(t,t+dt]}:| =0.
By (2.2),

+ {é(pT]7t) - CA’(ijfa t)}I{TjG(t,t—‘rdt]}ptdt - Té) dt
+ {é<pT]7t) - é<ij—7 t)}I{TjG(t,t+dt}}:| = _apdt'

Because the duration of the swaption is relatively short (typically three months to six months), and
we assume that the expiration date of the swaption falls on one of the coupon payment date of the
bonds issued by the reference entity, we can assume that there is no jump in default intensity during

the life time of option. Therefore,

0X 1 ,0°X 0X 5
W + ispaipz =+ ap87p — (pt +T)X = 0.

Note that the present value of forward credit default swap is given by (3.1),

A~

X(Ty) = [2(T) - 27"

= [Eb(r)(1 = R Iparyy] - 2 EB() - Iperyy)] - (3.5)

From the financial point of view, we can expect the value of the swaption right before the jump (i.e.,
att = Tp) to be the expectation of the value at ¢t = 7. So we can assume that the terminal condition

as follows:
N +
X(Ty_) = P(Ty_, Ty) [E[b(T)(l — R) - Ippeqyy] — 2° - Eb(7) - Iiyery)] (3.6)
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where P(Ty—,Tp) is given by (2.4).

Letting X (p,t) = WX (p, To_), we have

67W_|_1 2627W_|_ aiw
at 2% Op? “r Op

Wi(p,To-) =1, (p>0).

—(pr+r)W =0, (0<t<Typ>0)

As in subsection 2.1.2, we will restrict a,(p, t) and s?(p, ) to the following cases:
Assumption 5: a,(p, t) and s?(p, t) are linear in p, i.e.,

ap(p,t) = b(t) —c(t)p,

s%(p,t) = d(t) +e(t)p. O

We again will try to find the solution in the form of

Wi(p,t) = At To)=B(t,To)p

Then, we have

1 1
A'+ SdtB? —b(t)B — 1 — p(B' — 5e®)B —c()B + 1) = 0.

Since this should hold for any value of p, we have the system of equations.

1

A+ —dtB2 —b(t)B—r =0
% (3.7)
B — 56(75)192 —c(t)B + 1.

Noting that A(Ty—,Tp—) = B(To—,To—) = 0 since W (p,To—) = 1 and the solution for (3.7) is

given by (2.16) and (2.18) (by replacing T'— by Ty_), we have the following conclusion.

Theorem 5. Under the assumptions in Subsection 3.1.1, the price of the credit default swaption

with unexpected default is possibly given by
X(tap) = X(T())p) : eA(t,To)—B(t,To)p’ (38)

where

To
A(t, Ty) = —/t (b(s)B(s,To) — %d(s)B2(s,To) + 7’) ds, (3.9)
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, dp—(b —c-p)dt +dt - dWl,c#O)

C
Ty —t, dp = (b(t) — c- p)dt + Vdt - dW1,c = 0)
B(t,Tp) = 5 exp(\/g(To —t) — eXp(—\/g(TO — 1)
¢ exp(y/5(To — 1) + exp(—/5(To — 1)’
dp = b(t)dt + \/d(t) + K - p - dW;
(3.10)

and X (Tp, p) is given by (3.5).

3.2 Credit Derivatives Pricing with Constant Interest Rate - Expected and Unexpected De-
fault

3.2.1 Formulation

Assumption 1: We assume the same setting for the credit default swaption as in Section 3.1: its

inception and expiration, the onset and fee structure of the underlying forward credit default swap.

Assumption 2: Default event is both exogenous and endogenous. Unexpected default probability

on any interval [t, ¢ + dt] is given by

dp = ap(p,t)dt + sp(p, )AW1 + pr,—Ujl (1 c(t,4de)}» (3.11)

where Iy, ¢ (¢ 1+as} 18 an indicator function taking 1 when 7; € (t,t+dt] and 0 otherwise. Expected
default occurs when the firm assets V' = V (t) = V; falls below the barrier, say V;(t) = Vp. Asin
Section 2.2, the firm asset is the sum of its coupon bonds and stocks as in (2.22), and follows the

geometric Brownian motion given by (2.21).

Assumption 3: Expected and unexpected default recovery is given as the form of face value exoge-

nous recovery (R - e~"(T=Y (0 < R < 1: constant, T: maturity of the bond).

Assumption 4: The price of defaultable corporate zero-coupon bond with both expected and un-
expected default is given by the function C' = C(V, p, t) and the price of the swaption is given by
X =X(V,p,1).
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Problem: Under these setting and assumptions, we will find the credit default swaption X =

X(V,p,t).

3.2.2 Derivation of the model

We construct a portfolio by hedging X = X (V,p,t) with A; zero-coupon bonds of the reference
entity with exogenous and endogenous default, and Ag stocks of the reference entity. So the value
of the portfolio is:

=X —-A15—AC,

and the change of value of this portfolio over a small time increment [¢, ¢ + dt] is given by

dll =dX —dA S — dAxC.

V —nC

Since S = , we have

— X—A1<V”C> yWe.

m

m

= X- ﬂv <A1" = A2>C.
m
By the same argument as before, since the duration of the swaption is relatively short, we assume
that there is no jump in default intensity and the value of total assets during the term of the swaption,
except the swaption expiration falls on a coupon payment date. Therefore, if there is no default (with

probability 1 — p.dt),

dll = dX—AldV—<A1n—A2>dC
m m
X | 0K oxX A
2 2 il _71
e G As paz)}dt 5 AV

n oC oc 1 2C  ,0°C oC
—(A— — Ao) |22 2 e = dp(3.12
( 1= Ay) [avdv { 5 (s 2V 5 + 52 5 )}dt+ 3 dp](3 )

= —dV +

0X 8X 1
ov

Let us choose A and A5 so that we can get rid of uncertainty caused by dp and dV terms. That is,

OV_m_( 15_1&2)8‘/_0’ and
0X n ocC
oy~ M —he) 5 =0



Solving for A; and Ao,

A = | 0K _0X 9C(0C - and
YUMoy T ap av \op ’
A_naiX_iX.iCiC*l 09X (9C
2= 0oV ap ov\op op \ op

and

A 90X 0X 80(86’)_1
= — , and

m vV dp 9V \ dp

n 9X (0C
A— — A
Ym T 817(819)

Putting these back in (3.11), we have

dll = 0X 1( sLV

0? X %X 0X [0C oCc 1 820 0*C
at 2 2 ):| < > |: ( VV2 2 ) dt.

vzt pap? p \ op ot vz “p op2

When there is a default (with probability p;dt), the change of this portfolio’s value is given by

il = —X—ﬂdv (A1 — A2)(R—C)
0X 09X 0C [9C\ "} 90X [(oC
= X [W ap GV<ap> ]‘W ap<ap> (B=0).

By the arbitrage principle, the expectation of dII is equal to rIIdt. Ignoring the higher order of

infinitesimal terms of dt, we have

0X 1 282X 262)( 9X
- Xp —rX il
ot *3 < v V2 +s papz pt—T —l—?”VaV
0X [oC oCc 1 , 02C 92C 9C
~op \op v —rC| = 1
dp (8p> [m *3 (VV a2 T8 pap2> rVoy + (B = O rC} 0. (3.13)

ac\
But by (2.2), the expression in the bracket in the second line in the equation is equal to —a,, <8> .
P

So (3.14) reduces to

X 1< 20°X 02X> 0X X
+- (v

g2 v X =0.
ot vz toge ) T, TV — X =0

Again, the terminal condition is given by (3.6); here the survival probability is given by @ - P, where

@ is the survival measure based on the intensity given by (2.3) , P is the survival measure given
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by (2.4), and the jump in the survival probability S(7Ty—,Tp) at time ¢ = Tj is given by (2.41).

Therefore we have the following model.

Theorem 6. Under Assumptions 1 though 4, the price of the credit default swaption with expected

and unexpected default probability is given by the following:

0X [ 520X 282X 0X 0X
E (SVV W‘i‘ p82 +ap87p+7“VW_(pt+7ﬂ)X:O,
(0<t<Ty,p>0,V>W)
+
X(V,p,To-) = S(To-,To) [E[b(T)(l —R) - Iiz<ryy] = 27 - Eb(T) - Iiz<rp]|
(p>0,V >V
th X(V,p,t) =0, (0<t<To,p>0)
lim X(V,p,t) = (1 — R)-e "(In-1), 0<t<Tp,V >V)
\p—00
where S(Ty—,Tp) at time ¢ = T is given by (2.41).
3.2.3 Particular Solution
In this subsection, we will find a particular solution to a limited case.
Letting X (V,p,t) = WX (V,p,Tp), we have
oW (5 282W 282W ow ow
0<t<Ty,p>0,V>W)
W(V.p,To-) = 1, (p>0,V>V) (.14
Jim W(V.p,t) =0, (0<t<Tpp>0)
p—00

We assume that
W(V,p,t) = f(V,t) - g(p,t).
Substituting this into (3.14), we obtain

o | 20°F of 99 , 1 ,9% 99 B
ot ZVV 8V2+rvav]g+{at+2 17(92Jr pa —(pe+r)g|f=0.
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To find a solution, we further assume that
of

of 1223f af
8t V8V2 V@V 0,

ot ”a?””a —pg=0.

Then we have the following two systems:

of | 0 O°f of _
f(Ve,t) =0, (0 <t <Tp) (3.15)
f(V.To) =1, (V> V)

and

0 0?2 15)
8?+5 %ag+“pag (pe+7)g=0, (0<t<Ty,p>0)

(3.16)
g(p, To-) =1, (p>0).

Noting that (3.15) is the same as (2.46) and (3.16) is the same as (2.47), we will have the following

result.

Theorem 7. Under the setting and assumptions in Subsection 3.2.1 and further assumptions made
in this subsection, the price of the credit default swaption with expected and unexpected default is

given by

1_7
X(V,t,p) = X(V,Ty,p) - At To-)=B(t,To-)p [@(dl) _ (“;) =t @(dg)] (3.17)
b

where X (V, Ty, p) is defined in (3.5), A(t, To— ) and B(t, Tp—) are given by (3.9) and (3.10) respec-

tively, and d; and dy are defines as follows:

In ¢ S T
d— V% (VT
1 (To — t)sv o )(2 SV)
In % Sy T
dy = ——Y—— +\/(Tp — t)( = — —). 3.18)
2= etV -0(5 - ) (
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Chapter 4

Defaultable Corporate Coupon-Bond Pricing with Stochastic Interest Rate

4.1 Corporate Coupon Bond with Stochastic Interest Rate - Unexpected Default

4.1.1 Formulation

Under this section, we will assume the following.

Assumption 1: The risk free short term interest rate r(¢) = r; follows Vasicek model (1977):
dry = 0(v(t) — r(t))dt + s, (t)dWi(t).

where 6 is a constant, v(t) and s, (¢) are deterministic functions of ¢, and Wi (t) is a standard

Brownian motion.

Under this assumption, the price Z(t) of default-free zero-coupon bond satisfies the following PDE:

07 122 Loy -2 —rz =0, .
Z(r,T) = 1.
and
Z(r,t;T) = ACT-BED)r
BLT) = 1_6_ e
At T) = / {ey (5,T) — 75232 (s,T)} ds. 4.2)

Assumption 2: Unexpected default probability in [¢, ¢ + dt] is p;dt, the default intensity p; satisfies
dp = ap(r7 b, t)dt + Sp(rv b, t)dWQ + Prj_ U]I{TJ €(t,t+dt]}
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with

ap(r,p,t) = «a(t) + B(t)r +~(t)p,

so = O(t)+e(t)r +n(t)p,

where Wy (t) is a standard Brownian motion, and Unexpected default recover is givenby Ry = R-Z,
where R,0 < R < 1, is aconstant, and Z is the price at the default time of default-free zero-coupon

bond.
Assumption 3: Covariance Cov(dWy,dWs) = p.

Assumption 4: The defaultable corporate coupon-bond price is given by the function G=0G (ryp,t),
which constitutes of C' = C’(r, p, t), the value at time ¢ of the principal portion only, and ¢;, the i-th

coupon with ¢;C(r, p, t; ;) to be the value at time ¢ of i-th coupon due on 7;. Therefore, we have

G(T,p,t) = é(?",pﬂf) + Z cié(T7p7t; Ti)'

T >t

Problem: Under these assumptions, we shall find the price of defaultable corporate coupon-bond

G= G(r,p,t).

4.1.2 Derivation of the model

As in Chapter 2, to hedge the risk of p; we construct a portfolio by hedging one bond with another
bond with different maturity. We will include default-free zero-coupon bond here to hedge the risk
caused by r(t). Let us denote the priced of a bond with maturity 7; and default recovery R; by
Ci(r,p,t: T;),1 = 1, 2. Then, the portfolio is:

O=Cy — A Z — AyCos.
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The change of values in the portfolio over a small time increment [t, ¢ + dt], if there is no default

with probability 1 — pdt, is

A 2 A 2 A 2 A A A
P (acl+;[$28 C1+2psrsp§ gl+ 20 Cl])dtJraClerraCldp
rdp

ot

" Or? °p Op? or Op
A A 0Z 1 ,0*°Z 0z
+HC1(r,pry, t) — Cr(r, pry— ) H et prany — M ( ar T 2872"87“2) dt + Edr
aCy 1, ,0%Cy 92Cy  ,0%Chy dCy dCy
_A - 9 7z et
: < ot T3l g T, T g ) A s

+{6’2 (7", ij ) t) - C’Q (Ta p’rj— ) t)}I{TjG(t,t-‘rdt]}

_[0C | 1, ,0%Cy 220, ,9%Cy 0Z 1 ,0%°Z
- (at +2[s +2pSTSpaT8p+ | |dt — Ay + dt

o2 P gp2 ot 27" or2
oCy 1, ,0%Cy 92Cy  ,0%Cy
Ao | 242 2ps;
2( ot + 2[5,, or? +eps 8p8r8p+8p Op? )t
oCy YA 0Cs oy 90,
+<a’f‘ — AlE — Aga,r)dr + <8p — A28p>dp
+{él (7", ij;t) - C’l (Ta ij—at)}I{TjG(t,t+dt]}

+{Co(r,prys 1) = Colr, pry— ) (e t11any- (4.3)
We will choose A1 and Ao so that we can get rid of uncertainty caused by dr and dp terms. That is,
A [0C _9Cy (9Ci\TTaCy] (02N
7 or dp \ Op or or

aCy (901 \ !
Ao=—(—— .
Op \ Op

Then (4.3) becomes

(oG 1, ,0%C »’C,  ,9*Cy 0Z 1 ,0%°Z
dll = ((% +2[s +2p8rsparap+ | |dt — Ay + dt

T Or2 P gp2 ot 27 o2
oCy 1, ,0%Cy 92Cy  ,0%Cy
—Ay| =242 205,
2( ot T3 |57 oz 2P S”arap 5% op? )at

+{él (Tu ij 9 t) - él (Ta ij—7 t)}I{TjE(t,t+dt]}
+{62 (Ta ij 3 t) - é? (Ta ij — t)}I{TjG(t,t—‘rdt]} . (44)
If there is a default, with probability p.dt, then the price change in the portfolio is

dll = (R — C1) — A1dZ — Aay(Ry — C). (4.5)
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By the Arbitrage Principle, we should have E[dIl] = rI1dt, i.e., (4.4) x (1 —pdt) + (4.5) X pedt =
rI1dt. By the Ito Lemma, and considering the time period with no jump (i.e., 7; & [t,t + dt]), we
have
aél
ot

a C 92C 92C
2 1 1 2 1
+ 2psrspm + 5, ap?

602 8202 602
s2 +2ps”,aa +I2,82]—r01+pt(R2—C'2)

aCs

ot

Z 12822

87 27‘82_7“2):0‘

G

| = rC1+ pi(R1 — C1)

1

g
e

Note that by (4.1)

08 La0Z iz o) -r)2Z. (46)
Substituting (4.6) and simplifying, we obtain
N L B
+0(v(t) — r(t))aac;vl —rC1+pi(R1 — Cl)} (886;1) B

WW@»%?rcwthw}(%%)l

The left hand side of the equation is a function of 77 but not 7 and the right hand side is a function

of T but not 7} so that both sides must be a function independent of T and T», say —«(r, p,t). So

we have
aC 1, ,8°C %C 2326 aC . A_ aC
5 —+= [ sy 52 +2ps 7nspa 8 oy ]+9(V(t)—r(t))E—TC—i—pt(Rd—C) = —ﬁ(r,p,t)a—p.

Here x(r,p,t) is a risk neutral drift of p;. We can write x(r,p,t) in the form of x(r,p,t) =
ap(r,p,t) — sp(r,p,t) - A(r,p,t) or A(r,p,t) = W The function A(r, p, t) is called
a market price of risk p; and measures an extra compensation per unit of risk for taking on the
risk incurred by p;. In a model where we can dynamically hedge the portfolio, we can elimi-

nate such risk totally, therefore in the computation below, we assume A(r,p,t) = 0. That is,

k(r,p,t) = ap(r,p, ).
As before, in addition to the previous assumptions, let us also assume the following.
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Assumption 5: The defaultable coupon bond price at time ¢ = 7;_ is the expectation of the price at

time ¢ = 7;. O

That is,

C(r,p,7j-) = E(C(t,p, 7)), 4.7

where expectation is taken with respect to the survival probability P(-,-). Especially, if t = T— =

Tn—, We have

~

C(r,p,T—)=1-P(T—,T)+R-(1— P(T—,T))

and C’(T, p,T') = 1 if there is not default until ¢t = 7.

Then, using Ry = R - Z, on the time interval [7,,—1,T") we have a PDE with the terminal condition.

aC | ,0°C o?*Cc  ,9%C aC aC
— [P+ QPSTSpﬁTE)p + spa—pz] +0(v(t) — r(t))ﬁ + ap(r,p,t)a—p

ot " or?
—(r+p))C +pRZ =0, (Th-1 <t <T,r>0,p>0)

A~

c(r,p,T-)=1-P(I'-,T)+R-(1—-P(T—-,T))

= Pr-Un 4 R. (1 — e Pr-Un) (r>0,p>0).
4.8)

In order to find an explicit solution, assume that the drift and volatility of p(¢) is not correlated to

the short term rate 7(¢). That is,

ap = a(t) +(0)p,
so = 6(t) +n(t)p.

4.9

Using the change of unknown function and variable as

C(r,p,t) = Z(r,t) - u(p, ),

and using (4.1), (4.8) reduces to

ou 282u ou
— + 12— 4+a,— —p(u—R) =0, Th-1 <t <T,p>0
ot T 2% T g, P R) (P ) (4.10)

u(p, T=) = P-U + R- (1 —ePr=Un) (r>0,p>0).
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Noting that this system is the same as (2.8), we have the solution for ¢ € [,—1,T),

~

C(T, p,t) _ Z(’I“,t) [eA(t,Tf)fB(t,Tf)pz + (1 - eA(t,Tf)fB(t,Tf)pt . R]

where
= 1
A, T—) = —/ <a(s)B(s,T—) — QA(S)BQ(S,T—)) ds
t
and
.
1—e—(T—1)
ry )

dp = (a(t) — v - p)dt + /5(t) - dWa,v # 0
B(t,T=) =7 —t, dp = (a(t) — - p)dt + \/6(t) - dW2,y =0
_\/g_ exp(g(T—t))—em(—\/Z(T—t))

dp = a(t)dt +/5(t) + k- p- dWha.

Now, using (4.7), we can obtain the terminal condition for the period [7,,—2, 7,1 ), and we have the

\

following PDE with the terminal condition:

aC |, ,0°C *Cc  ,9%C oC
E + 5 [Srm +A2p87~8p8r78p + SPTPQ] + H(V(t) — T(t))ﬁ
+ap(r7p7t>aai( - (7” +pt)é +pRZ - 07 (Tn—Q S t< Tn—1,T > 07p > 0)
C(r,p, Tn-1y-) = Z(r,7a—1) - EC(r, p, Tn—1)]
D(tn-1,T—)— i pr, U; D(ryp—1,T—)— i pr. U;
= Z(T, Tn_l) . (e ' g I +R- (1 —e€ ' j=n—1" 7 ]))
Dirn1.T-)~ > pr;_Uj
= Z(T, 7-nfl) : (6 j=n—1 (1 - R) + R) (7’ >0,p> O)

where D(7,,_1,T—) = A(Tn_1,T—) — B(Tn_1,T—)p(Tn_1). Again, letting C = Z(r,t) - u(p, t),

and using (4.1), we have the following PDE with the terminal condition:

ou 4 ,0%u ou

E+§sga—p2+ap8—p—p(u—]%):0, (T2 <t < Tp_1,p > 0)
D(tn—1,T=)— ¥ pr;_Uj

u(p, T(n—1)—) = € j=n-—1 (1-R)+ R, (r>0,p>0).

Noting that this is the same system as (2.16), for ¢ € [7,,_2, T7,,—1), wWe have the following solution.
é(r’p’ t) — Z(r,«’ t) [eA(t,T(n,1)7)—B(t7’7'(n,1>7)pt + (1 _ eA(th(nfl)f)_B(th(nfl)f)pt . R]
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where

t

A(taT(nfl)f) == /T(n_l)_ (Q(S)B(S,T(nl)) - ;A(S)B2(37T(n1))> ds

and
_ (Tn* _—t)
ke”%, dp = (a(t) = - p)dt +/5(t) - dWa,7 # 0
a1 —t, dp = (a(t) = v~ p)dt +/3(t) - W3, 7 =0
B(th(nfl)*) =

\/E . ezp(\/?(Tnfl72&))*63317(*\/;(7",171}))
7 eap(y/F(ra-1—b)+eap(—y/F (Ta-1-1))

dp = a(t)dt + /0(t) + K - p- dWs.

By extending this backwards, we have the following result.

Theorem 8. Under Assumptions 1 through 5, the price of the corporate coupon-bond with unex-
pected default and stochastic short term rate, for any 0 < ¢t < T with 7;_1 < ¢ < 75 is given

by
G(T,p, t) = é(rvpa t) + Z CZ'CY(T‘,]J, ta Ti)
T, >t

where

~ A(t7T_)_B(t1T_)pt_ zn: ka_Uk
C(r,p,t) = Z(rt)- k=j +

A(t’T_)_B(th_)pt_ Z Pry Uk
<1—e k=g >-R (4.11)

where, Z(r,t) is given by (4.2), ¢;C(r, p, t; ;) corresponds to i—th coupon, whose price is given

by the product of coupon rate c; and zero-coupon of the same company maturing at time 7;, and

A, T—) = _/;j <a(s)B(s,Tj) _ ;A(S)BZ(S,Tj)> ds

S /T'“ <a(s)3(3,7k)_;A(S)B%S,Tk)) ds (4.12)

k=j+1" k=1
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and

B(t,T—)

n — (] _ ]_) _ 6_7(Tj_t) _ Z 6_7(776_77@71)
k=j+1

)

Y
ifdp = (a(t) — v - p)dt + \/0(t) - dW> +ij—UjI{Tj€(t,t+dt]}7’Y #0

T—t,

ifdp = (a(t) —~v-p)dt + \/d(t) - AWy +ij—UjI{Tje(t,t+dt]}a'Y =0

e\/g(Tj—t)_i_ i 6\/?(%—71671)_6—\/2(7]'—15)_ 3 6_\/g(7—k_7—k71)

2 k=j+1 k=j+1
T VEGD LY VAo 4 oVEmD LY oV Ememe)
k=j-+1 k=j+1

(4.13)
with, on each time interval, 7;_1 <t < 7;
1 — e (=)
f7 dp = (a(t) — v - p)dt + \/(t) - dW2,7 # 0
B(t,m-) = { 75— dp = (a(t) = - p)dt + /3(t) - AW2,7 = 0
\Fm 1) _ e=V/3(m-1) ; ] . —
- , = a(t)dt +/5(t) + K -p- dWs.
\f Wl DR e diy
4.14)
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4.2 Corporate Coupon Bond with Stochastic Interest Rate - Expected and Unexpected De-
fault

4.2.1 Formulation

Under this section, we will assume the following.

Assumption 1: As in the previous section, risk free short term interest rate r(¢t) = r; follows
Vasicek model (1977):
dry = 0(v(t) — r(t))dt + s, dWi(t).

where 6 is a constant, v(t) and s, are deterministic functions of ¢.

Again, as in the previous section, the price Z(t) satisfies the PDE given by (4.1) and its solution is

given by (4.2).

Assumption 2: Unexpected default probability in [¢, t + dt] is p;dt, the default intensity p; satisfies
dp = ap(r,p, t)dt + sp(r,p,t)dWa + Dr; UjI{Tje(t,tert}}

with

ap(r,p,t) = a(t) + B(H)r +(t)p,

s2o= O(t) +e(t)r +n(t)p,

and unexpected default recovery is given by Ry = R - Z, where R : 0 < r < 1, constant, and Z is

the price at the default time of default free zero coupon bond.

Assumption 3: The firm assets V' (t) = V; consists of m shares of traded stock, whose price at time

tis S(t) = S, and n coupon-bond certificates, whose price at time ¢ is C(t) = Ct:
V(t) =mS(t) + nC(t).
The firm assets value follows a geometric Brownian motion:
AV = ay Vidt + sy VidW3,
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ay and Sy are constant, and on predetermined coupon payment dates ¢ = 7;, where j refers to j-th

interest payment, j = 1, --- , n, the jump of V; is given by
AV =V, = Vo =neC(T) = ne,

where c is the coupon rate of the bonds and 7" is the maturity of the bond. (Here, we assume that

the bonds are redeemed at their face value; therefore, C'(7') = 1.) Expected default occurs when

V<Vy(t); W(t)=Vs or Vp-Z
and the default recovery is also givenby Ry = R - Z, R : 0 < r < 1, where Z is as defined above.
Assumption 4:

dWi . de = pijdt, 1= 1, 2, 3.

However we assume that unexpected default and expected default are not correlated, i.e., p23 = 0.
Assumption 5: The defaultable corporate coupon-bond price is given by the function G = G(r, V, p, t),
which constitutes of C = C(r, V, p, t), the value at time ¢ of the principal portion only, and ¢;, the

i-th coupon with ¢;C(r, V| p,t; ;) to be the value at time ¢ of i-th coupon due on 7;. Therefore, we

have

G(Tu V)p) t) = C(T, ‘/Y’p7 t) + Z CiC(T, V)p7 ta Ti)'

T >t

Problem: Under these assumptions, we shall find the price of defaultable coupon-bond with both

expected and unexpected default, which is given as a function of r, V, pand ¢, thatis G = G(r, V, p, t).

4.2.2 Derivation of the Model

We will form the portfolio by buying one bond certificate under concern and hedge the risk incurred
by V, p and r by selling A; shares of the traded stock, Ay coupon-bond certificates with unexpected
default only, whose price is given by C (r,p,t) and A3 default free zero coupon bond. We denote

the default recovery for C (r,p,t) by R:
II=C—AS—AC — AsZ.
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By the Arbitrage Principle, the price change of the portfolio over a small increment of time dt is

equal to rIldt, so that, after taking Assumption 3 into consideration, we have the following:

dll = dC — AdS — AedC — A3dZ
A A
_ (1 n ﬂ)dc - —ldV AodC — AgdZ

= rlldt.

If there is no default over [t,¢ + dt] with probability 1 — p.dt, then the change in the value of the

portfolios is given by

g0 — (1 N Aln) [{80 1( 282(] 820 VQOQC

2p135r
a1 rgpz TRossesvV g n sV e

0°C | ,0°C oc . 8C . aC
S TTRRE ) fat+ S+ Sodv + Sdp

or oV Op
+{C r, VT 7]77';7 ) - C(T’ VTj’ij’t)}I{Tje(t’t+dt]}:|

—ﬂdv AQ[{8C+ 1< 2a2C+2p128T @—F 282C>}dt

+2p128;

ot ar? Porap " T op?
oC oC A
o + a—dp +{C(r,pr,,t) = C(r, ijat)}I{TjG(t,t—I—dt]}]
0z 1 82
—Ag[{ 5 +§ " 52 dt—l—dr]

We will choose A1, As and A3 so that we can get rid of uncertainty caused by dr, dp and dV terms,

that is,

m ov

aC [ oC oCc\
m=g(3) (i) - m
oc\ tfoc  ac roC\ toCoz\ 7t
Az = (1—-n——" ==} =22
oV or  9Jp \ Op or |\ Or
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On the time interval [¢, ¢ + dt), we have

VQa C

dll = 1—-—— — 2 r
( T grz T 2osesvV g sV e

ov

0*C 0*C
+2p128r8p78r8p +s g@p >}dt

60) 1[{6(3’ 1(2820 820

+{C(T, V;'j y Prjs t) - C(T‘, V;'jf y Prj_s t) }I{Tje(t,t—i-dt}}]

(- g§>-1gj(§)-l[{gf+ Pt +zpmrs,,§j§; ; ggjf’)}dt

+{C(r,p-,,t) — C(r, ij_vt)}I{TjG(t,t+dt]}:|

OCN\-1,0Z\[0C 8C ;0C\-10C] (8Z 1 ,8°Z
-(-3v) (5) [ar_ap<ap> m}{aﬁﬂaﬂ}dt- (4.15)
In case of default with probability p,dt, since
dC=R;—C and dC=R-C,
the change in the value is given by
Al = (1 + 81;1”) (Rg—C) — ﬁdv As(R— C) — AsdZ
oC\ -1 80 oC 1dCN-1 ~ 4
= - —0) - =4 —
(1 GV) [(Rd ) 191% V- ap (0}0) (£-C)
0z dC 19C\-18C
_<E> { or (8;0) or }dZ} (4.16)

We take the expectation of dII and equate it with rI1d¢, that is (4.15) x (1 — pydt) + (4.16) X pydt.
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00 !
Then, multiplying by ( ) , we obtain

(3028 i 2 28
+2p128rsp$ + ;iff)}dt
+(1 = pedt){C(r, Ve, 0ry5t) = C(r, Vi Dy 8) Hr et pdt]y
() (G 25 2o i)
-t 2 (XY ey ) - é<r,pq_,t>}f{7je<t7t+dt]}
AL 190 2
(&) {‘?f o (5) o |{a 2
+{ Ra—C) — (aa(;)_l(fz— C’)}ptdt
- oG (m) o {E -5 (5) wHE) e
(4.17)
Now, on [7, Tj11), (4.17) becomes
% + 1( 2%2(27 + 2P138r5VVaa2aC{/ VngC; + 2p128,s p68280 + 8]%%2]5)
+rv% —rC + p(Rg — C)
o) [ + 3 (55 g+ 550) <€ (=)
A 2
&) [5G lﬁ{%f i 335 ~rz} = @19
By (4.6) and (4.1), (4.18) becomes
JrrV% —rC+p(Ry—C)+ apaag +0(v(t) — )%S 0. (4.19)

As in the previous sections, we assume the following:

Assumption 6: The defaultable corporate coupon bond price at time ¢ = 7;_ is the expectation of

the price at time ¢ = 7.
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So if we let S(7;—, 7j) be the survival probability of the bond at time ¢ = 7; given the survival at
time ¢ = 7;_, then the price of the corporate bond at ¢ = 7, = T, which is the terminal condition

for the PDE (4.18), is given by
c(r,V,p,T-)=1-S(T-,T)+R-[1-S(T—-,T)]. (4.20)

Therefore we have the following model:

Theorem 9. Under Assumptions 1 through 6, the price of the defaultable corporate coupon bond

price C on [1,,—1,T_) is modeled by

(0C 1, ,0%C 0’°C  , ,0°C o’c  ,0%C
ot < o T 2essesv Vg on  SUVE S 4 sy o+ s )
aC aC oC
+TVW—TC+p(R C)+ap87p+0(y(t) —T‘)E =0

c(r,V,p,T—)=1-S(T-,T)+R-[1-S(T—,T)].

4.2.3 Particular Solution

To solve (4.19) with (4.20) as the terminal condition, we use the change of unknown function and

variable as follows:
C(r7 V’ p7 t)

Vv
z=— and u(z,p,t) = 7

Then, (4.19) and (4.20) become

(Ou 1( , ,0%u 92u 92u
B(t 2p13s,sv B(t)]2* 5 2012575, B(t) 7 ——
% T3 {[ (t) + s + 2p13srsv ()]$82+8(p,r,t)62+ P12515p ()xapax}
+lap(p,7,t) — 2p123rspé(t)]gz —plu—R) =0, (x> Vp,p> 0,71 <t <T)
U(.’E,p, T_) =1 S(T_vT) + Rd ' [1 - S(T_aT)L ($ > VBap > 0)
u(Vp, p,t) = Ry, (p>0,7_1 <t<T)

where B(t) was defined in (4.2).

We will consider the case where 3(t) = €(¢t) = 0 and p13 = 0. So letting
§%(t) = s2B2(t) + s¥ + 2p135,.5v B(t),
p(p,t) = p12s,s,B(t),and
ap(p,t) = ap(p, 7, t) — 2p128,5,B(t),
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and also letting

u=u— R,
we have
ZIZ + ;{52(75)3;22:3 + sf,(p,t)g;g + praapig }
+dp(p,t)?;—pﬂ: , (x>Vp,p>0,1p—1 <t<T)
i(z,p,T=) = (1-R)-S(T-,T),
a(Vp,p,t) =0,

(x > Vp,p>0)

(p >0,m-1 <t < T)
Now using the change of unknown function

u=W(1—-R)S(T, T-),
we have
ow 1(_, 282W 9 oW _O*W
— + = t t)— +2
ot +2{S (t) Ox? +5(p, )8])2 * pmapf)x
ow
+@p(pat)87p—PW=03 (x>Vg,p>0,7,1 <t<T)
W(Z‘,p, T_) = ]-7 (CL’ > VB,p > 0)
\W(VB7p7t):07 (p>0,Tn_1§t<T).
Now using p13 = 0,
ow 11, 282W 9 W ow
3P0 300 a0 - =0,
(x>Ve,p>0,7—1 <t<T)
W(xvva_) = ]-7

(x > Vp,p>0)
W(VBap7t) = 07

(p>0,7-1 <t<T).
4.21)
If we further assume that
W(z,p,t) = f(z,t) - g(p,t).
Then, using this, the PDE in (4.21) becomes
% + 582(75)562212]9 + [gz + 2812,(;0,75)629

dg B
a2 + ap(pvt)% —pg|f=0.
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As in before, assuming the coefficient terms of g and f are zero, we have the following two PDE

problems:
of 1 4, ,0f
-t 3 —5 = <
ot + 28 (t)l‘ 922 0, (a; >V, Tho1 <t < T)
f(Vp,t) =0, (Tno1 <t <T) (4.22)
f(mvT_) =1, ((B > VB)
dg 1, 9*g dg
29, Z ) o9 . _ <
En + 28p(17,t) op° + ay(p, t) ap pg=0, (p>0,7-1 <t<T) )
9(p, T—) =1, (p>0).

Notice that (4.23) is the same as (2.47). Now, to solve (4.22), using the following time scale trans-

formation,

t T
5= / §2(u)du and T = / 5%(u) du,
Tn—1 Tn—1

and letting

f(ZL', 3) = f(xvt)v

(4.22) becomes
of 1 ,0° _
{ 5372@ = 0, (ZE > VB,Tnfl S s < T)
f(Vg,s) =0, 0<s<T) (4.24)
f(l‘,T) =1, (1: > VB)
To solve this, let
ViB:ey, and so yzan—B
T
=

Then, (4.24) becomes

v 0% v _
aC 0y2+8y 0, (OO<y<OO,0_S<2)

v(0,¢) =0, 0<s<T (4.25)
U(y,O) = %7 (—OO <y< OO)



Using the change of unknown function v = we®¥+5¢, the PDE in (4.25) becomes

we = wyy + (0% — ag)w + (2a — Dwy,.

We choose « and (3 so that the coefficients of w and w, are zero. That is, o = % and g = —i.
Then, we have the following heat equation:
We = Wy, (—oo<y<oo,0§§<§)
w(y,0) = V—;e_%y, (—o0 <y < 0).
Define
1
_ h(y) = w(y,0) = y-e™2¥  (y>0)
h(y) = i
0, otherwise
let wy (y, ¢) be a solution of the IVP,
W¢ = Wyy, (_Oo<y<O0,0§C)
¢ (4.26)

w(y,0) = h(y), (—o00<y< o0)

and wa(y, () = wi(—y, () (and so wz(0,¢) = w1(0,¢) ). Then, by the solution formula and the

image solution method

T /Zm@eXp(_(ny)Q)dg:NlR /Owexp<—(y4f>2>d5

1
= e e
L (y +¢)*
wa(y, C) QW/O (f)exp( i ¢
1
= 7365%3 - O(dy)
here dy = ¥ VT =8 g M VT s h
where 1_\/’1__'7—3 B a 2_\/'1__'7—3 B . cew = wp wsa, We have
fla.s) = Vau(y,Q) = Vew(y, )ezV=i¢ = Vi (wi(y, ¢) — wa(y, ¢))ez?~1¢
xr
— B(dy) - 2 (d
(d1) s (da)

where d; and d» are given above. And so,

fla,t) = D(df) — %@(dé)
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In YV T 582(u) du I VBZ T 52(4) du
where d} = VpZ — ft 2( ) and d} = v — ft @
fTEQ(u) du

: \/ ftT 52(u) du

price of the corporate coupon bond with expected and unexpected default for ¢ € [7,,—1,7T) is given

by

C(r,V,p,t) = Z'u(x,p,t):Z(fc—i—R):Z(W(l—R)S(T,T—)+R)
= Z(f-g(l—R)S(T,T—)—i—R)

= RZ(t,T)+ MD=BETP(1 _ RY[Z - ®(d}) — K@(d;)}

VB
Now, using this, C(r, V, p, 7,—1) is given by
C(r,V,p,7n-1) = RZ(1-1,T)
4 AT B (1 B (25,0, T, ) — 00, )

where A(t, ) and B(t, -) are given by (2.19) through (2.21) and d; -, and dp ., are given by

1% Tit1 g2

* _ In VBZ(7;,Tj+1) ij 5 (u) du and
1, — - - 5

K L7 52 (u) du 2

J

) In VBZ(E7TJ+1) f;j“ 52(u) du
2,1 T ; -

K f:f“ 52(u) du 2

Then, on the time interval [7,,_2, 7,—1), by the arbitrage principle, the terminal condition becomes

C(r,Vip,mm1).) = [RZ(rao1,T)+ et D=BOtl0 (1 = R)[Z(ry 1, T)D(d} )
V *
—7B¢(d2,7n,1)]] 'S(T(n—l),aTnfl)

+RZ<Tn—17 T) (1 - S(T(n—l), s Tn—l))

- S<T<n1>_,m-1>{<1 — R)An Bl TR (7 (7, TVO(dS )

Voo
B, I} + RZ T
Solving (4.19) with this terminal condition gives the solution for ¢ € [7,,—2, 7,—1) as follows:
t
C(r,V,p,t) = RZ(t,T)+ eAtmn-0=Blm—1pr (1 _ R Z(t, 71 )D(d}) — Vv()cp(d;)]
B

XS (T(n-1)_> Tn-1) - {(1 — RNt =Bt DR 7(7,, 1y TYB(d5 )

7V(Tn71)q>(d* )]}

Vg 2,Tn—1




where A(t,-), B(t,-), dis; and da ., are the same as above; and d; and dp are given, for any

t e [Tj,Tj+1), as

4 = In VBZ(‘t/»Tj+1) ftTjH 5 (u) du and
1 - - 9
L7 52 (u) du 2
B R O
2 = -
L7 52 (u) du 2

By iterating this process, we shall find the solution for any ¢ € [0,7T") as follows:

Theorem 10. Under Assumptions 1 through 5, forany ¢t € [0,T) witht € [1j_1,7;),j =1,...,n—

1, the price of corporate coupon bond with expected and unexpected default is given by

G(T’, V7p7 t) - C(?“, Vapa t) + Z CiC(T, V,p, t; Ti)

Tizt

where
C(r,V,p,t) = RZ(t,T)+ e BETP (1 — R)[Z(t,7;)®(d}) — ——P(d5)]

n—1
x [T S, m) - {(1 — R)eAm meet) =B Tee P 7 (7 1 ) R(dS )
k=j

—Vg)@( §,Tk>]} 4.27)

and C(r, V,p, t; ;) is the price of zero-coupon bond at time ¢ of the same company with maturity

T

78



Chapter 5

Credit Derivatives Pricing with Stochastic Interest Rate

In this chapter, we shall find the price of credit default swaption using the bond pricing models

formulated in the previous chapter.

5.1 Credit Default Swaption with Stochastic Interest Rate - Unexpected Default

5.1.1 Formulation

We make the following assumptions in this section.

Assumption 1: We assume that the time structure of the credit default swaption and the bonds
underlying the swaption are the same as in subsection 3.1.1. That is:

Lett = 0 and t = T} be the time when the credit default swaption (hereinafter, the ”swaption”) starts
and expires respectively. ¢ = Ty is also when the forward credit default swap takes effect upon the
exercise of the swaption. Let ¢t = Ty be the expiration of the credit default swap and for simplicity,
let us assume that 7}, j = 1,--- , N falls on the interest payment date of the coupon bonds issued
by the reference entity of the credit default swap and the credit default swap terminates on the day
the coupon bonds are to be redeemed, that is 7,, = Ty where 7, is as defined in subsection 2.1.1.
Let z* be the exercise price of the swaption. This is actually the fee the swaption holder pays on the
notional amount of the credit default swap once the swaption is exercised. Let z(t),¢ > Tj be the

fee leg of forward credit default swap. Define

N
Z(t) = 2(t) - BL Y (TNl (z,<ry + (TN [z <<y
2, T3>t
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where b(T;) = exp{ ftTi r ds}, T is the time of default, and A; and A* are the lengths of time
interval since the last fee payment till 7; and the default date, respectively. Therefore, S(t) is the
present value at time ¢ of the forward credit default swap. Observe that by the arbitrage principle,

the present value of the total fee leg is the same as the present value of the protection leg. That is:

Z(t) = Eb(T)(1 = R) - Iir<ryyl- (5.1)

Assumption 2: The risk free short term interest rate r(¢) = r; follows the Vasicek model:
dr =0(v(t) — r(t))dt + s, (t)dWi(t)
where 0, v(t), s,(t) and W (t) are defined as in section 4.1.

Assumption 3: Default is an exogenous event. Unexpected default probability on any interval

[t,t + dt] is given by,
dp = ap(p,t)dt + sp(p,t)dWa + pr;—Ujl (7 et var}

where I+ ¢t t+ar}) 1S an indicator function. dW7 - dWy = p. Default recovery is given as the form
of face value exogenous recovery (R - e”"(T*t), 0 < R < 1: constant, T": maturity of the bond) or

as the form of market price exogenous recovery (Rx bond price at default time).

The price of defaultable corporate zero-coupon bond with exogenous default is given by the function

C’:C'(r,p,t).

Problem: Under these setting and assumptions, we will find the price of the credit default swaption

X(r,p,t).

5.1.2 Derivation of the model

We construct a portfolio consisting of (i) one credit default swaption X (r,p,t), (i) Ay units of
reference entity’s coupon-bonds with exogenous default C (to get rid of the risk arisen by p), and
(iii) Ao units of default-free zero-coupon bond Z (to get rid of the risk arisen by r). Then, value of

the portfolio is:

=X - AC — Ay 7.
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So the change of value of this portfolio over a small time increment [¢, ¢ + dt] is given by
dll = dX — dA,C — dA2 Z.

If there is no default over a small time increment [¢, ¢ 4 dt] (with probability 1 — p,dt), then by Ito

Lemma, the change of value in the portfolio over this period is given by

0X X 0X , 02X 92X 92X
M= —dt+ ——dp+ — 28,5,
d 8td 6pdp+6d+ {p 2+T82+’05p588p}d
[oC . aC aC o*C  ,9%C %C
—Ay | —=—dt + —dp+ —dr 2 2055, dt
Har ™t o™t o +{pa2+7“a2+pspsaap}
—{é(?" ij7t) - C(T Pr; >}I{TJ €(t,t+dt]}
(07 1 282 07
— Ay Edt+2 . 2dt+ard]

To get rid of the uncertainty caused by dp and dr terms, we choose A and A5 as follows:
o AN\ —1
n= 2 (2
dp \ 9p
A (92)7'[2% X aC(oc\™!
2= \or or dp Or \ Op )
Then, we have

% 2% 2% 2%
dll = [8X+ { 20X + s 20°X +2pspsT8XHdt

ot Popr a2 ord

X (0C oC 1, ,0°C  ,9°C d>*C
(== - 2 -
ap<ap> Hm* (pa2+7"a2+”spsaap) dt

—{C(r,p-,,t) — C(r,p, | t)}l{rje(t,t+dt]}:|
() [ () e ] o
If there is default with probability p;dt before the inception of the forward credit default swap, the
swaption contract becomes void; therefore, we have:
dil = —X —A(R—C)—AydZ
() o () T ) e
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Then, by the arbitrage principle, we must have (5.2) x (1 — pidt) + (5.3) x pidt = rIldt. So we

have
0X 1( ,9°X  ,9°X 2%
{at { Sp op? + s, 92 +2p3p5r68} - (pt+r)X]dt
0X (aC o6 1, ,02C  ,0%C 926 A
ad 9 B -
3]3(3]3) [{815 (Pa2+ Taz"’ pspsraap>+(R C)p: rC}dt

_{é(ﬁ Prjst) — é(ra Pr; t)}l{rje(t,tert]}(l + ptdt)]

0z\ '[oX oxX aC (oC\ "[oz 1 ,0?
(%) 5% 7(5) |[Frte oo oD

or?
Noting that, by (4.8) and (4.6), for the time interval such that 7; & [t, ¢ + dt],

oC 1, ,9°C  ,9%°C 02C . aoC aoC
ot ( 5p Op? + sr oz + 2/)3p5ra 3p) +(R=C)pr —rC=—0(v(t) — 1)~ o o, ap
and

0Z 1 ,0°Z B 0Z

a §STW 77’Z— 79(1/(15)77')5,

(5.4) becomes

8X+0( 0 )0X+1 aQX+ 262X+2 X
— v(t)—r)—7— SpSr (0
ot ar “pgpr T Oz TP e

}(pt+r)X:O.

Since the present value of the forward credit default swap is given by (5.1), the value of the swaption

att = Tj is given by
X(Ty) = [2(To) - 2"

N
= [Eb()(1—R) - Igreryy] = 2* - BL Y W(T)Aigr,<ry + b(T)N Iipy<remyy]]
i, Ty >t

From the financial point of view, we can expect the value of the swaption right before the jump
(i.e., att = Tp_), to be the expectation of the value at t = Tj;. So we can assume that the terminal

condition as follows:

X(Ty.) = P(To—,TO)'E[[E[b(T)(l_R)‘I{TSTN}]

Z (T Ailig,<ry + BTN Ly <reryy]] (5.5)
i, Ty >t

where P(-,-) is defined by (2.4). Using the change of unknown function
X(Tapv t) = X(TO—)W(T7P7 t)>
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we have the following PDE problem:

ow oW AW L[ ,O*W  L,OPW oW B
ﬁ—'_e(() )8 +pa {p82+rag+2p81787‘88p _(pt+T)W_0a

(0<t<Ty,r>0,p>0)

W(r7p7T07):15 (T>O,p>0)
(5.6)

To solve this, first we assume that the drift and volatility of p(¢) are not correlated to the short term

rate r(t), that is,

ap = Oé(t) + ’}/(t)pv
3120 = 6(t) +n(t),and
p = 0. (5.7)

Using the change of unknown function again, we consider the following case.
W(Ta D t) - U(p, t) : Z(n t)?

where Z(r, t) is given by (4.2), we have

0z 128Z 0z ou 0%u ou B
(E-k—r a——l—a(ﬁ(u(t)—r))—rZ)—l—Z(E—&-ipaQ +ap£—PtU) = 0.

By (4.1), (5.6) reduces to

ou 5, 0%u ou
E-l-z p82+apaip_pt’u:07 (0<t<To,r>0,p>0)
u(r,p, To—) =1, (r>0,p>0).

We will seek the solution in the form of u = eA®:T0)=B(tT0)p g that
X(r, p,t) = X(r, p, T ) Z(t, Tp)eAtT0)=B(LTo)p Noting the similarity of the equation with (4.9),

we have the following solution.
Theorem 11. Under Assumptions 1 though 4, the price of the credit default swaption is given by

X (r,p,t) = X(r,p, To_) Z(t, Tp)e-T0) = Bt Tolp (5.8)
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where X (r, p, Ty ) and Z (¢, Tp)) are given by (5.5) and (4.2) respectively, and A(t, Tp) and B(t, Tp)

are given by

To 1
A(t, To) = —/t (b(S)B(S,TQ)) — iA(S)BZ(S,TO)) ds

1 — e (To—1)
-, dp = (al(t) = p)dt + \/3(£)dWa, 7 # 0

v

BTy = " dp = (a(t) = 7-p)dt + \/3()dWa,7 = 0
<t7 0)_ 2 exp (\/g(To—t))—exp (‘\/?(To—t))
v oexp (\/g(To—t))-s-exp (‘\/?(To—t))’

dp = a(t)dt + /0(t) + K - p-dWs, K : constant [J

5.2 Credit Default Swaption with Stochastic Interest Rate - Expected and Unexpected De-
fault

5.2.1 Formulation

Assumption 1: We assume that the same setting for the credit default swaption as in Section 5.1: its

inception and expiration, the onset and fee structure of the underlying forward credit default swap.

Assumption 2: The risk free short term interest rate r(¢) = r; follows the Vasicek model:
dr =0(v(t) —r(t))dt + s, (t)dWi(t)
where 0, v(t), and s, (t) are defined as in section 4.1.

Assumption 3: Default event is both exogenous and endogenous. Unexpected default probability

on any interval [t, ¢ + dt] is given by,

dp = ap(p,t)dt + sp(p, )dAW2 + pr,—Uj L1 et 4de))»

where (. tvar)y 18 an indicator function. Expected default occurs when the firm assets V' =
V(t) = V, falls below the barrier, say Vj(¢). As in Section 4.2, the firm assets V(¢) is the sum
of its coupon bonds (whose price is C(r, p, V, 1)) and stocks, and follows the geometric Brownian
motion, given by

dV = ayVidt + sy VidWs.
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Default recovery is given as the form of face value exogenous recovery (R = R-Z, R: 0 < R < 1:

constant, where Z is the price of risk free zero coupon bond, given by (4.2).

Assumption 4:

dWi : de = pijdt, 1= 1, 2, 3.

However, we assume that the unexpected default and expected default are not correlated, i.e., p23 =

0.

Problem: Under these setting and assumptions, we will find the price of the credit default swaption

X =X(r,p,V,t).

5.2.2 Derivation of the Model

We construct a portfolio by hedging X (r, p, V. t) with the reference entity’s coupon-bonds with
expected and unexpected default, the reference entity’s stock, and zero-coupon default-free bond,

to get rid of the risk arisen by p, V', and . So the value of the portfolio is:

I = X—-ANS—-ANC—-As3Z

— X—A1<V_"C> ~AC — A3Z
A1 n

- x-Sy (—Al —A2>C—A3Z.
™m m

So the change of value of this portfolio over a small time increment [¢, ¢ + dt] is given by

da = dax - Mgy - (ﬁAl _ A2>dC — AsdZ.
m m
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If there is no default over a small time increment [¢, ¢ 4 dt] (with probability 1 — p,dt), then by Ito

Lemma, the change of value in the portfolio over this period is given by
_0X 8X 0X 0X

32 32 02X 9?X 02X
+= { p(? 5 + 5, 5,2 s%/VQaV2 +2p12srspa o —&—2[)133103‘/‘/a av}dt
A oC oC oC oC
M A A | o ad o
Ly - ( . 2){adt+ad+ad+avdv

+{ L2C  ,02°C ,0%C

o*C 0%*C 92C
p@ 5 + s, 52 + s r@ 5 s%/V28V2 +2p125r3p8 ap +2p135T3VV8 8V}alt

+{C’(T7 Prjs VT]' ) t) - O(T, Pr;_» VTJ; ) t)}I{‘rj € (t,t+dt]}

0z 2 0%Z 0z
L 1% 2

To get rid of the uncertainty caused by dp, dr and dV terms, we choose A1, Ay and A3 as follows:

oV Op \ 9p oV

A, = 0% 90X ac\ ™ 102
2=V T ap \ap "av

Ag — 85‘161_83@‘@
>~ \or or  Op \ Op or |

a2 05() %]

Then, we have

2 2 2 2 2
dll = B,;t( + 1{5 20°X +528 X Jrs%/Vza X + 2p128, "X + 2p138,5vV —F— o°X Hdt

P a 2 T2 V2 *» orop oroV
_aiX @ %_’.1( 820+ 620+82v2820+2 s.S 820
ap \ 9p ot “pope g TOVY Gyz T PRty g
201
+2p135rSVVa av) }dt + {C(Ta p‘rj7 VTj ’ t) - C(T, ij7 ’ VTJ; ’ t)}-[{‘rje(t,t+dt]}:|

9Z\ '[oX  aX (9C\ roC[0Z , 1 ,8°Z
(F) 55 (&) 5llar v e
If there is default with probability p,dt before the inception of the forward credit default swap, the
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swaption contract becomes void; therefore, we have:

dl = —X — ﬂdv (”A1 - A2> (Rg— C) — A3dZ
AN —1
[y () e
—1
GRS e o
Then, by the arbitrage principle, we must have (5.9) x (1 — p;dt) + (5.10) x p;dt = r11dt. We have
[88); 1{ ,,8;)2( + 53882); A gi/)g + 2p125,5p 32;( + 201355V (;92;;} —(pt + T)X} dt
() I P 2
12p135r8y 83280‘/) + (Rg—C)pr — rC}dt

+{C(T7 Prj, VT]‘ ) t) - C(Tv Prj_» VTL ) t)}I{'rje(t,t+dt]}(1 + ptdt)]

_(9Z\'[9X _9x (9C\ T aC 0z 1,02 1.
or ar  op\ap) orl||ot 35 g ~TZ|dt=0.

Noting that, by (4.18) and (4.6), for the time interval such that 7; & [t, ¢ + dt],

oC oCc 1 2820 2820 N 23 C 92C
o vt g5,
o TVaV ( 5p a2 + s, a2 + sV e + 2p128 Spiarap
°C oc  ac
‘|‘2/)13STSV8 8‘/) + (Rd - C)pt —rC = _H(V(t) — T)E — apaip, and
0Z 1 ,0°Z YA
ot Tatrgr A=) =g (5.11)
(5.11) becomes
0X 0X 0xX oXx
7+ap7+9(V( )_T)(TJF VW
+3 { Sp op? + s o2 +syV a2 +2012Sr8para +2P135r8vV8 57
~(p 1) X =0. (5.12)

Since the present value of the forward credit default swap is given by (5.1), the value of the swaption

att = Tj is given by
X(To) = [2(Ty)— 247"
= [Eb(r)( - R) Ar<ryy]

Z b(T;)Nil (1, <7y + b(T )A*I{TOSTSTN}]]+

i, >t
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As before, from the financial point of view, we can expect the value of the swaption right before the
jump (i.e., at ¢ = Tp_), to be the expectation of the value at ¢ = 7. So we can assume that the

terminal condition as follows:

X(Tp-) = S(To,To)-E[[E[b(T)(l—R)'I{TSTN}]

N
—2" B[ b(T) Al (g<ry + WA [gy<reryy]]
1,1 >t

where P(-,-) is defined by (2.4).
Therefore, we have the following pricing model:

Theorem 12. Under Assumptions 1 through 4, the price of credit default swaption with expected

and unexpected default probability is modeled as follows:

0X 0X 0X 0X
E +(1p8229+9(V(t)2—T)aT+T;/W , )
1 0° X 0° X 0°X 0°X 0°X
2{82(‘% + SZW + S%/VQW —+ 2p1257-5p8’r76p + 2p13STSVVaT@V}
—(pt+7)X =0

X(To-) = S(To-, To) - E|[E[b(T)(1 — R) - I{r<1, 3]

—2" B0 M)Al <ry + b(T)A*I{TOSTSTN}]}+:| '

5.2.3 Particular Solution

Under this subsection, we will find a particular solution with additional condition.

Using the change of unknown function

X(T>p7 ‘/7 t) = X(TO—)W(T7p7 V> t)v

88



(5.12) becomes the following PDE problem with the terminal condition.

ow ow ow ow
—_— — 4+ 0(v(t) —r)— V—
ot T, TV mrG Vs
! 5282W+52827X+ V28W+2 575 762W
2177 9p2 T o2 sy V2 P125r P rdp
*W
+2p138,syV - (pt + T)W =0, (0 <t<Ty,p>0,r>0,V > VB>
orov
W(T7p7‘/7T0—):17 (p>07T>O,V>VB)
W(r,p,Vp,t) =0, (0<t<Ty,p>0,r>0).

(5.13)

To solve (5.13) as the terminal condition, we use the change of unknown function and variable as

follows:
W(r,V,p,t)

v
z=— and u(x,p,t) = >

Then, (5.14) reduces to

(Ou 1 _ ,0%u 92u 92u
(9t + {[S%BQ( ) + SV + 2p1387‘8VB( )]x W + S (p, 7“, t) a 2 + 2101287'SPB( )xm}
_ 0
+a, — 2p123TspB(t)]a—Z —pu =0, (x> Vp,p>0,0<t<Tp)
U(.’E,p,T()_) :]-7 («’13>VB,p>0)
U(VBapvt):()y (p>0,0§t<T0).
We will consider the case where 3(t) = €(t) = 0 and p13 = 0. Letting
5%(t) = s2B2(t) + s¥ + 2p13s,5v B(),
ﬁ(pa t) = plZSrspB(t)v and
ap(p,t) = ap(r,t) — 2p128:5,B(1),
we have
ou 1 0%u 0%u 9%
t)z? —— t 2p
&+{(MW+QHW+”MJ
0
+@p(p,t)£—pu:0, (x> Vg,p>0,0<t<Tp)
u(z,p, To-) =1 (x > Vp,p>0)
ku(VBapat):Ov (p>0,Tn_1§t<T).
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Noting that the above PDE is the same as (4.20) we have the price of the swaption as follows:

Theorem 13. Under the Assumptions 1 through 4, the price of the credit default swaption for the

corporate coupon-bond with expected and unexpected default is given by

X(T7p, Kt) = Z(thO) ’ S(Tof)TO) E |:[E[b(7—)(1 - R) ’ I{TSTN}]

N
—2" B[ W(T)AI <) + WA Tiy<raryy]]”

2, T;>t
(@(d‘{) - xcb(dz)) - eATo) =Bt To)p (5.14)
VB
where
v [0 52(u) du
dT _ VBZ(t,To) - t , and
ftTO 52(u) du 2
1 VBZ(To) "0 52(u) du
& = n— _ ft 5 ) (5.15)

j;TO 52(u) du
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Chapter 6

Data Analysis

In this chapter, we shall try to find the price of BB and BBB rated corporate coupon bond with

unexpected default probability, and with the risk free interest rate 7 to be stochastic.

6.1 Data

Table 3 and Figure 2 shows the historical monthly data of 3-month treasury bill, and the histor-
ical yields of AAA, AA, A and BBB rated corporate-bonds from October 1991 through Novem-
ber/December 2000 (Source: Moody’s Investors Service). We shall use the rate for 3-month treasury

bill as the risk-free interest rate in percent.

For example, in the first row, the daily average of the yield-to-maturity of 3-month treasury bill in
January 1991 was 6.41%, while the daily averages of the yield-to-maturity of AAA, AA, A, and
BBB rated corporate coupon bonds in the same period were 9.04%, 9.37%, 9.61%, and 10.45%

respectively.

Table 3: Historical Short-Term Rate and Yields of Corporate Bonds

Months | 3BM T-Bill AAA AA A BBB

Jan-91 6.41 9.04 937 9.61 1045
Feb-91 6.12 8.83 9.16 938 10.07
Mar-91 6.09 893 921 95 10.09

Continued on next page.
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Figure 2.: Historical Risk-free Interest Rate and Corporate-Bond Yield
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Months | 3SMT-Bill AAA AA A BBB
Apr-91 5.83 886 9.12 939 994
May-91 5.63 8.86 9.15 941 9.86
Jun-91 5.75 9.01 9.28 9.55 9.96
Jul-91 5.75 9 9.25 951 9.89
Aug-91 5.50 875 899 926 9.65
Sep-91 5.37 861 886 9.11 09.51
Oct-91 5.14 855 883 9.08 9.49
Nov-91 4.69 848 878 9.01 945
Dec-91 4.18 831 8.61 882 9.26

Continued on next page.
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Continued from previous page

Months | 3M T-Bill AAA AA A BBB

Jan-92 391 82 851 872 9.13
Feb-92 3.95 829 8.67 883 9.23
Mar-92 4.14 835 873 889 9.25
Apr-92 3.84 833 8.69 887 9.21
May-92 3.72 8.28 8.63 881 9.13
Jun-92 3.75 822 856 87 9.05
Jul-92 3.28 8.07 837 849 884
Aug-92 3.20 795 821 834 8.65
Sep-92 2.97 792 817 831 8.62
Oct-92 2.93 7.99 832 849 8.84
Nov-92 3.21 8.1 84 8.58 8.96
Dec-92 3.29 798 824 837 8.8l
Jan-93 3.07 791 811 826 8.67
Feb-93 2.99 701 79 8.03 839
Mar-93 3.01 7.58 7772 7.86 8.15
Apr-93 2.93 746 7.62 7.8 8.14
May-93 3.03 743 7.61 7.85 821
Jun-93 3.14 733 751 7.74 8.07
Jul-93 3.11 717 735 753 7.93
Aug-93 3.09 685 7.06 725 7.6
Sep-93 3.01 6.66 685 705 734
Oct-93 3.09 6.67 6.87 7.04 731
Nov-93 3.18 693 7.12 729 7.66
Dec-93 3.13 693 7.12 731 7.69
Jan-94 3.04 693 7.12 7.3 7.65
Feb-94 3.33 7.08 729 7.44 7776

Continued on next page.
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Continued from previous page

Months | 3M T-Bill AAA AA A BBB

Mar-94 3.59 748 7.69 7.82 8.13
Apr-94 3.78 7.88 8.08 822 852
May-94 4.27 7.99 8.19 832 8.62
Jun-94 4.25 797 817 831 8.65
Jul-94 4.46 8.11 831 844 8.8
Aug-94 4.61 8.07 825 838 874
Sep-94 4.75 834 849 8.61 898
Oct-94 5.10 857 871 882 92
Nov-94 545 8.68 8.83 894 932
Dec-94 5.76 846 8.62 8.73 9.11
Jan-95 5.90 846 86 87 9.08
Feb-95 5.94 826 839 848 8.85
Mar-95 591 8.12 824 833 8.7
Apr-95 5.84 8.03 8.12 823 86
May-95 5.85 7.65 7774 7.86 82
Jun-95 5.64 73 743 753 79
Jul-95 5.59 741 754 7.65 8.04
Aug-95 5.57 7.57 7.69 779 8.19
Sep-95 542 732 745 756 7.93
Oct-95 5.44 712 727 739 7.5
Nov-95 5.52 7.02 7.18 7.32 7.68
Dec-95 5.29 6.82 699 7.13 749
Jan-96 5.15 6.81 699 7.12 747
Feb-96 4.96 699 7.16 731 7.63
Mar-96 5.10 735 752 7.68 8.03
Apr-96 5.09 75 7.68 7.83 8.19

Continued on next page.
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Continued from previous page

Months | 3M T-Bill AAA AA A BBB

May-96 5.15 7.62 7777 794 83
Jun-96 5.23 771 787 8.02 84
Jul-96 5.30 7.65 7.82 797 8.35
Aug-96 5.19 746 7.63 777 8.18
Sep-96 5.25 7.66 7.82 795 835
Oct-96 5.12 739 758 7.7  8.07
Nov-96 5.17 7.1 731 741 7.9
Dec-96 5.04 72 741 751 7.89
Jan-97 5.17 742 7.63 771 8.09
Feb-97 5.14 731 754 759 794
Mar-97 5.28 7.55 7777 7.82 8.18
Apr-97 5.30 773 793 798 8.34
May-97 5.20 7.58 7.8 786 8.2
Jun-97 5.07 741 7.62 7.68 8.02
Jul-97 5.19 7.14 736 742 7.5
Aug-97 5.28 722 74 746 7.82
Sep-97 5.08 715 734 739 7.7
Oct-97 5.11 7 72 727 757
Nov-97 5.28 6.87 7.07 7.15 742
Dec-97 5.30 6.76 699 7.05 732
Jan-98 5.18 6.61 682 693 7.19
Feb-98 5.23 6.67 6.88 7.01 7.25
Mar-98 5.16 6.72 693 7.05 732
Apr-98 5.08 669 69 703 733
May-98 5.14 6.69 691 7.03 7.3
Jun-98 5.12 6.53 6.78 7.03 7.13

Continued on next page.
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Continued from previous page

Months | 3M T-Bill AAA AA A BBB

Jul-98 5.09 6.55 6.78 6.88 7.15
Aug-98 5.04 652 677 689 7.14
Sep-98 4.74 641 6.69 6.89 7.09
Oct-98 4.07 6.37 6.69 6.82 7.18
Nov-98 4.53 641 679 685 734
Dec-98 4.50 622 6.65 695 7.23
Jan-99 4.45 6.24 6.68 6.8 729
Feb-99 4.56 64 679 6.84 7.39
Mar-99 4.57 6.62 698 697 753
Apr-99 4.41 6.64 696 7.14 7.48
May-99 4.63 693 723 7.13 7.72
Jun-99 4.72 723 752 74 8.02
Jul-99 4.69 7.19 748 7.69 7.95
Aug-99 4.87 74 768 7.65 8.15
Sep-99 4.82 739 7.68 7.84 82
Oct-99 5.02 7.55 7779 7.84 8.38
Nov-99 5.23 736 7.62 799 8.15
Dec-99 5.36 7.55 7798 779  8.19
Jan-00 5.50 778 796 7.96 8.33
Feb-00 5.73 7.68 7.82 8.15 829
Mar-00 5.86 7.68 7.83 8.06 837
Apr-00 5.82 7.64 782 8.07 84
May-00 5.99 7.99 824 8.07 89
Jun-00 5.86 7.67 7.87 849 848
Jul-00 6.14 7.65 7.81 8.18 8.35
Aug-00 6.28 7.65 7.7 811 826

Continued on next page.
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0O1 -0.084292805 || Mean reversionrate | ¢ | 1.01151

Bo 0.003526218 Reverting mean v | 4.1833%

Standard error | 0.00570581 Volatility s | 0.571%

Table 4: Parameters implied from the regression estimates

Continued from previous page

Months | BMT-Bill AAA AA A BBB
Sep-00 6.18 7.62 783 8.02 835
Oct-00 6.29 7.55 7.81 8.13 834
Nov-00 6.36 745 7775 8.09 8.28
Dec-00 5.94 7.21

As we introduced in Chapter 4, we shall adopt Vasicek model for risk-free short term interest rate,
i.e.,

dry = 0(v(t) — re)dt + spdWi(t). (6.1)

where 0 and s, is a constant, and v(t) is a deterministic function of ¢. We follow the method
introduced by Chang (2006) to obtain the implied parameters. Using the data from Table 3, we run

the following regression:

dry = By + (ire + €. (6.2)

Table 4 summarizes the implied parameters by this linear regression estimates. The mean reversion
rate is calculated as a negative slope from (3; = —6dt and the reverting mean is calculated from
Bo = Ovdt. The inverse of the mean reversion rate (1/\) can be interpreted as the number of
periods elapsed between reversion, or speed of reversion. The reverting mean v represents the level
which the risk-free interest rate reverts to after wandering off. The volatility o here is annualized
standard deviation of the risk-free interest rate. In this case, we can expect that on the average
0.9886(= 1/1.01151) year elapses between reversions, the level of the risk-free interest rate reverts

to is 4.1833%, and the annualized standard deviation is 0.571%.

Therefore, we estimate the short-term rate by the following equation and Figure 3 below shows a

simulation of this mean reverting model.
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dr =1.01151(0.04133 — r¢)dt + 0.00570581dW (6.3)

where £ is in years.

—e—Historical Path

—a— Sample Path 1
Sample Path 2
——— Trend Line
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Figure 3.

: Historical and Sample Paths of Risk-free Interest Rate

Now Table 5 shows empirical survival rate of the corporate bonds by the original credit quality

constructed from historical bond default data for 1991-2000.

Each number in Table 5 gives the probability that the bond survives till the time (in years) elapsed.
We use the data for BBB and BB. First, using the curve-fitting software DataFit (available at
http://www.curvefitting.com/index.html), the function p(t) without jump was modeled. Data was
regressed to several twice differentiable functions, i.e., polynomials of degree two through four, ex-

ponential functions, reciprocal functions of polynomials of degree one and two, and the following

result was obtained for BBB-rated companies with R? = .9971:
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Table 5: Empirical Survival Rate by Original Credit Quality

Years | AAA AA A BBB BB B CCC
1 1.0000 1.0000 1.0000 0.9988 0.9904 0.9840 0.9565
2 1.0000 1.0000 1.0000 0.9940 09741 0.9354 0.8297
3 1.0000 0.9965 0.9998 0.9886 0.9350 0.8797 0.6900
4 1.0000 0.9946 0.9991 0.9827 0.9288 0.8215 0.6338
5 0.9997 0.9946 0.9988 0.9772 0.9088 0.7727 0.6147
6 0.9997 0.9946 0.9980 0.9715 0.9002 0.7406 0.5585
7 0.9997 0.9946 0.9975 0.9645 0.8853 0.7175 0.5330
8 0.9997 0.9946 0.9966 0.9630 0.8813 0.7024 0.5156
9 0.9997 0.9943 0.9960 0.9625 0.8659 0.6908 0.5156
10 | 0.9997 0.9941 0.9960 0.9602 0.8334 0.6849 0.4942

t t
p(t)—po+/ ap(p,t)dtJr/ sp(p, t)dWo
0 0

with

bo =
ap(p, t) =

sp(pt) =

0,

0.0000674957t% — 0.001170141¢ + 0.003576423

0.001506268.

6.4)

(6.5)

Figure 4 shows some samples paths with jumps of the intensity p;, each represented by the sequence

of squares, pluses, and diamonds, computed from (6.4) and (6.5). Here, for the seasonal jumps U, on

coupon payment dates (at the end of multiples of 6 months), we assume that it is constant U; = —.1

In the same manner, the parameters of the default intensity for BB-rated companies was found to be

bo
(lp(p7 t)

Sp(p7 t)

= 0,

= —0.004114407675t* — 0.03025322658t

= 0.174409213
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Figure 4.: Sample Paths of the Intensity p

with R? = .9207.

6.2 Bond Price

In this section, using the data obtained in the previous section and the models derived in subsec-
tions 2.1.2 and 4.1.2, the price of nonsecured coupon bonds of Ford Motor Credit Company with

unexpected default only was computed. The terms and conditions of the relative bonds are

Issue date: November 21, 1999
Issue price: 99.812%
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Coupon: 7.375% s.a. (due on February and October)
Maturity: October 28, 2009

The actual market price range of these bonds in Year 2002 was 88.45% and 104.28%, and the 3-
month T-bill was 1.76% during February 2002. Table 6 shows the bond price computed with r to

be constant.

Table 6: Ford Motor Credit Bond Price with Constant r

r(%) | Price
1.76 | 133.89%
482 | 112.29%

As it can be easily seen, the price computed using the model with » = 1.76%, which is the short term
interest rate as of February 2002, is overpriced compared to the actual market price. Even when the
average short term rate over 1991 through 2001, which is r = 4.82%, it is still overpriced. At least
a couple of reasons for this can be considered. First, even though the short term rate from February
2002 was used, the prospect of the short-term rate was unseen at this point. Actually, the short
term rate drastically dropped at the beginning of Year 2002, after which it gradually came back.
(Therefore, the stochastic model is preferred.) Second, even the average yield of AAA corporate
bonds during the same period was 200 — 300pb higher than the short terms rate. It should be also
mentioned that the long term rate is more stable than short term rate, which implies that the long

term bond price is less sensitive to the change in short term rate.

Since the default intensity gives the default probability over the default free bonds, if we compute
the bond price using the yield of AAA bonds as risk-free interest rate, instead of short term rate.
For r = 7.55%, which is the average over 1991-2000, we obtained the price of 96.32%; and for
r = 6.51%, which is the value as of February 2002, the price was estimated to be 102.08%, both of

which are more realistic than using the rate of 3-month T-bill.

Next, the price of the same corporate bonds was computed using stochastic process for r. However,

as seen in the pricing with constant 7, using short term rate overprices the bonds, giving 124.99%.

We ran the linear regression on the yields of AAA corporate bonds from January 1991 to December
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2000 and obtained the following result.

Table 7: Parameters implied from the regression estimates - AAA corporate bonds

061 -0.048039321 || Mean reversionrate | 6 | 0.576471853
Bo 0.003470349 Reverting mean v 7.22%
Standard error | 0.001648158 Volatility S 0.165%

Therefore, we estimate the yield of AAA corporate bonds by the following equation, and Figure 5
shows the historical and sample path of the yield of AAA corporate bonds.

draaa = 0.576471853(.07224 — r)dt + 0.001648158dWV. (6.7)
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Historical and Sample Paths of the Yield of AAA Corporate-Bonds

However, using this equation results in the bond price of 120.33%. Considering using the constant

r resulted in a more realistic value, it can be assessed that the problem lies in the analysis of the
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stochastic process of the yield of the AAA corporate bonds. It is obvious that the yield does not rise
forever or fall until it gets zero. So it is plausible to consider the mean reverting model and using
the linear model for the variable v. However, the long term average of the yield in this stochastic
process was 7.22% compared to 7.54%, the arithmetic mean for the same period, reflecting the
historical path. However, we do not know the sentiment of the market just from this data, which

might predict the rise in the long-term yield.

6.3 Credit Default Swaption Price

In this subsection, we shall compute the price of the credit default swaption of Ford Motor Credit
Company on the following terms, based on the pricing of the bonds computed in the previous
subsection. Since using the 3-month T-bill for the risk free interest rates gives overpricing of the
bonds, we shall use AAA-bond yield as the risk free interest rate.

Reference entity: Ford Motor Credit Company

Onset of the swaption: March, 2004

Expiration of the swaption: September, 2004

Duration of the underlying CDS: 1 year, 3 years, 5 years

Table 8 gives the summary of the pricing:

Table 8: Ford Motor Credit - CDS Swaption Price

Risk free interest rate 1 Year 3 Years 5 Years
% z*=0bp | z*=50bp z*=0bp | z*=50bp || z*=0bp | z*=50bp
7.22

(AAA yield average || 30.22bp | 15.11bp || 110.63bp | 55.32bp || 163.88bp | 81.94bp
on 1991-2000)

5.33
(AAA yield 31.26bp | 15.63bp || 116.78bp | 58.38bp || 175.43bp | 87.72
as of March 2004)
Stochastic model 30.28bp | 15.14bp || 113.68bp | 56.84bp || 172.53bp | 86.27bp

For example, the right column under 1 year gives the price of CDS swaption, which entitles its
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holder to enter a CDS agreement for paying z* = 50bp every 6 months. Based on the stochastic

model, such price is 15.14bp.

Note that if z* = Obp, the price of the swaption is theoretically the same as that of the forward
swaption. Since there is no market for forward CDS option or CDS swaption, we shall compare the
price of the swaption with z* = 0bp, and the price of CDS forward option computed using the actual
CDS price (midprice; see Figure 6), discounted using the discount rate based on the computation in
the previous section. Table 9 below shows the comparison between the forward CDS option price

based on our model and that based on the actual CDS price.
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Figure 6.: 5-Year-Maturity FORD Credit CDS Quotes

In using our model, the coupon payment date of the bonds of the reference entity should technically
match the onset and maturity of the swaption, and maturity of the underlying forward CDS. How-
ever, in computing the above, since the matching CDS rate was not available, we could not match

them (there is one month gap between them).

104



Table 9: Ford Motor Credit - CDS Forward Price Comparison

Risk free 1 Year 3 Years 5 Years
interest rate Our Model | Estimated || Our Model | Estimated || Our Model | Estimated
from from from
% CDS price CDS price CDS price
7.22
(AAA yield average || 30.22bp 36.00bp 110.63bp | 126.39bp | 163.88bp | 163.59bp
on 1991-2000)
5.33
(AAA yield 31.26bp 36.30bp 116.78bp | 127.43bp | 175.43bp 164.94
as of March 2004)
Stochastic model 30.28bp 36.73bp 113.68bp | 128.94bp | 172.53bp | 166.89bp

We can see that that the forward CDS option price obtained from our model is relatively close to

that obtained from the market rate.
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Chapter 7

Conclusion

In this paper, we combined the intensity model and the structural model to find the price of the
corporate coupon- bearing bonds. We formed the portfolio so that we could hedge the risk caused
by default intensity and/or fluctuation of the asset value. We used the arbitrage principle and the Ito
Lemma to derive the PDE with terminal and boundary conditions for pricing. We assumed that the
solution would be in the exponential form. This is because the intensity model is basically derived
from the hazard rate model, which has the solution in the exponential form. The Black-Scholes
equation, which is a homogeneous parabolic equation with variable coefficients combined with the
terminal condition and asymptotic boundary condition, admits the solution in the exponential form
via exponential transformation. Further analysis will be needed to see whether a nonhomogeneous
parabolic equation with variable coefficients, terminal condition, and asymptotic boundary condi-

tion yields a unique solution.

In data analysis, for unpredictable default occurrence, we merely depended on the historical data of
default probability/intensity. The historical data we used was over the period 1991-2000 and across
all the industrial sectors. In actual pricing, the default probability/ intensity needs to be computed
by the industrial sector. To increase the accuracy of the estimate of the default probability, we need
to take into the consideration other elements such as economic fluctuation (growth, recession, or
depression), the size of the company, monetary policy and so on. Also, the size of the jump in the
default intensity was arbitrary assigned in Section 6.2. Even though this is theoretically plausible,

we need to collect empirical evidence and incorporate it in measuring the variable U;.

In Chapters 4 and 5, we assumed that the risk-free interest rate follows the Vasicek model since

this model is most used in the market. Applying this model, we used linear regression to estimate
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the parameters. The shortcoming of using the linear regression is that the long-term average is
determined by the trend of the period from which the data come from. We need to take into the

consideration the future trend of the relative interest rate to estimate the parameters.

In Sections 2.2, 3.2, 4.2 and 5.2, to predict expected default, we assumed that the firm assets value
follows a geometric Brownian motion, with jumps at each coupon payment date, and that expected
default occurs when the assets value hits the predetermined barrier. In Section 2.2, we applied the
reflection principle to find the expected default probability, the probability that the total assets value

hits the predetermined barrier.

As mentioned in the introduction, even though this model seems to make sense theoretically, there
are still some shortcomings. The amount of total assets value does not necessarily determine the
financial health of the company. A huge company with large assets can be unhealthy financially.
Also, two companies with the same assets value can be considerably different in their financial
conditions, which will lead to the different level of the barrier for default. We shall need to further

investigate the quality of their assets.

In addition to these shortcomings, this model is difficult to implement since the required quantities
are not readily observable; we can have an access to the firms’ financial statements only quarterly
for the best in most cases. We also need to incorporate the unforeseen factors in the future, such
as market trend (Is the market growing or not?), overall economy trend (Is it in growth period, in

recession, or depression?) and so on.

Schonbucher (2003b) suggests stock price and KMV for alternate parameters for predicting ex-
pected default. Stock price, even though we incorporated stock price as part of firm assets value, is

too speculative, and therefore, does not reflect the company’s financial condition in any better way.

The KMV model, marketed by Moody’s, sets the default barrier somewhere between the face value
of total liabilities and the face value of short-term liabilities. The idea behind this is that the company
needs to refinance its short-term liabilities continuously to continue its daily operations while the
long-term liabilities do not require refinancing until their maturities. This idea makes a better sense
than using the firm assets value; however it will also require as much effort to collect the necessary

data.
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In Sections 2.2, 3.2, 4.2 and 5.2, in solving the problem, we assumed that endogenous default
events and exogenous default events are uncorrelated, that is, the intensity rate is uncorrelated with
the value of the firm assets, which is not realistic. In Sections 4.2 and 5.2, we also assumed that there
is no correlation between the risk-free interest rate and the intensity rate, or between the risk-free

rate and the firm assets value.

In most existing paper, the pricing model of credit default swaption is based on applying Black-
Scholes Formula to the price of forward Credit Default Swap. However, there is no observable
forward CDS market, which makes the existing approach less attractive. In this paper, the price of

credit default swaption was computed directly from the bond price.
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