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PROBLEM STATEMENT
A spring whose restoring force is proportional to its position with respect to the
equilibrium position is acted upon by an external force. While being in motion on a surface, the
surface creates a friction whose magnitude is proportional to the speed of the spring at any time.
The free body diagram of the spring is considered and Newton’s second law gives a second order
linear differential equation with constant coefficients in the position as a function of time
together with its first and second derivatives. Depending on the system parameters, three
different solutions are considered with the impulse response in each single case.

MOTIVATION
Wanting to know the behavior of a spring shock assembly of a dirt bike had motivated
this project. There are several adjustments that can be made on such an assembly and I wanted to
be able to predict its behavior as a result of such adjustments.

MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH

Figure 1: Schematic of the forces acting on the dirt bike spring shock assembly where 𝑘𝑥 is the force exerted by the
spring, 𝑏𝑥̇ is the friction for and 𝐹 is an external force.

Figure 1 indicates the basic forces acting on the mass with respect to time and
displacements. Using Newton’s second law, we have
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Re-writing (1) we have the following second order linear differential equation;
𝑑2 𝑥 𝑏 𝑑𝑥 𝑘 𝐹𝑛𝑒𝑡
+
+ =
𝑑𝑡 2 𝑚 𝑑𝑡 𝑚
𝑚

(1)

(2)

where 𝑥 is displacement, 𝑏 is resistance and 𝑘 is the spring constant in eqs. (1) and (2) here, [3].
The homogeneous form of (2) is
𝑑2 𝑥 𝑏 𝑑𝑥 𝑘
+
+ =0
𝑑𝑡 2 𝑚 𝑑𝑡 𝑚

(3)

and the general solution to (2) is given by
𝑥(𝑡) = 𝑥ℎ (𝑡) + 𝑥𝑝 (𝑡)

(4)

where 𝑥ℎ (𝑡) is the general solution of (3), i.e., the homogeneous solution, and 𝑥𝑝 (𝑡) is the
particular solution which depends on 𝐹𝑛𝑒𝑡 . The homogeneous solution has the following
forms,[1],[3]:
i.

𝑥ℎ (𝑡) = 𝐶1 𝑒 𝑎 𝑡 + 𝐶2 𝑒 𝑏 𝑡

ii.

𝑥ℎ (𝑡) = 𝐶1 𝑒 𝑎 𝑡 + 𝐶2 𝑡 𝑒 𝑎 𝑡

iii.

𝑥ℎ (𝑡) = 𝐶1 𝑒 (𝛼+𝑖𝛽)𝑡 + 𝐶2 𝑒 (𝛼−𝑖𝛽)𝑡

where

𝑎≠𝑏

Here for the homogenous solution of the form, 𝐶1 𝑒 (𝛼+𝑖𝛽)𝑡 + 𝐶2 𝑒 (𝛼−𝑖𝛽)𝑡 , the constants are
complex conjugates for the case involving real solutions. Of course this is all we are interested in
having.
If 𝐹(𝑡), the forcing function, has the form 𝐴 cos(𝜔𝑡) with constants 𝐴 and 𝜔, then
𝐹𝑝 (𝑡) = 𝐵1 cos(𝜔𝑡) + 𝐵2 sin(𝜔𝑡) = 𝐶 cos(𝜔𝑡 + 𝜑)

(5)

for some contants 𝐵1, 𝐵2, 𝐶, and 𝜑. As 𝑡 tends to infinity, the general solution above tends to the
particular solution, 𝐹𝑝 (𝑡). This is what is often called the steady state solution. 𝐶(𝜔) and 𝐶(𝜑)
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refer to the magnitude and phase response with respect to frequency. This will be one of the
evaluations that are made in what’s to come.
For the homogeneous solution in (3), there are 3 categories of response as already
indicated by (i), (ii), and (iii). These cases depend on the roots of the characteristic equation
given by,
𝑟2 +

𝑏
𝑘
𝑟+ = 0.
𝑚
𝑚

(6)

If the roots are real and distinct we have (i), and these roots are 𝑎 and 𝑏 respectively. When this
occurs we say the system is overdamped. If the root is a repeated root, then we have case (ii), and
𝑎 is this root.
Finally, if the roots of (6) are complex conjugates, (𝛼 ± 𝑖𝛽), we have case (iii). For this
case, we say the system is underdamped. See the following Figures 2,3 and 4.

DISCUSSION
As part of the analysis to follow we will evaluate the Dirac delta impulse response. This
is the response of the system with 𝛿(𝑡) as input. The impulse response will be denoted, ℎ(𝑡).
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This response indicates whether the system is underdamped, critically damped, or underdamped.
The system behavior to any input can be found by convoluting ℎ(𝑡) with that input.
In order to solve the system we will take the Laplace transform of the second order linear
differential equation from above which Pierre Laplace stated that solutions of this equation are
called Harmonic functions [4]. The Laplace transform of eq. (2) was solved for and obtained
𝑋(𝑠) =

𝐹𝑛𝑒𝑡 (𝑠)
𝑏
𝑘
𝑠2 + 𝑚 𝑠 + 𝑚

(7)

𝑋(𝑠) is the Laplace transform of the system output response and 𝐹(𝑠) is the input [1]. The
impulse response ℎ(𝑡) can be obtained from
1
ℎ(𝑡) = ℒ −1 (
)
𝑏
𝑘
𝑠2 + 𝑚 𝑠 + 𝑚

(8)

[2],[3]. The system transfer function is defined by
𝑋(𝑠)
=
𝐹𝑛𝑒𝑡 (𝑠)

1
𝑏
𝑘
𝑠2 + 𝑚 𝑠 + 𝑚

(9)

Substituting (𝑖𝜔) for 𝑠 in (9), we obtain the frequency response of the system
𝐹(𝜔) =

1
𝑘
𝑏
(𝑚 − 𝜔 2 ) + 𝑖 𝑚 𝜔

(10)

The frequency response was discussed earlier before equation (5). Eq (10) gives the
response of the system when 𝐹𝑛𝑒𝑡 = cos(𝜔𝑡) . The steady state output, 𝑥(𝑡) = 𝐶 cos(𝜔𝑡 + 𝜑),
where
𝐶 = |𝐹(𝜔)|
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Maple 18 was used to evaluate ℎ(𝑡), the output due to a single pulse input, the output due
to a pulse train input, and the frequency response[1],[3]. These evaluations span over several
cases as indicated in the experiment / conclusion section.

CONCLUSION AND RECOMMENDATIONS
The pulse input and pulse train inputs that will be used in the following four cases are
shown in the following figures:

Figure 5: Single pulse force of 1000N having a duration
of 0.1 sec.

Figure 6: A train of 10 pulses. Each pulse is a replica of
the pulse shown in Figure 5. The pulses are spaced one
second apart.
𝑠

𝑁

In the cases to follow, 𝑏 indicates the resistance in 𝑁 𝑚. k is the spring constant in 𝑚 . The mass
𝑚 is in kilograms (kg).

Case 1: Heavily Underdamped

The impulse of this system is shown below,[2]
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Note the ringing in this case.
The systems response to the single pulse is shown next

The response of the system due to the pulse train is illustrated below

Note the response of the heavily underdamped system due to the pulse train oscillates
greatly about the equilibrium position.
Finally, the frequency response (magnitude and phase) are shown next.
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Note the magnitude (the left figure) has a peak at about the resonance frequency for the system.
This is to be expected for the heavily underdamped case.
Case 2: Underdamped

The impulse response is shown below.

The ringing is far less than in the first case where the system is heavily underdamped,[2].
The figure shown on the next page is the systems response to a pulse.
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The next figure shows the response of this system to the pulse train.

Note the amplitude of the oscillations here is far less than in the first case. Also, since the
force of the pulse train is positive, the equilibrium about these oscillations is positive in position.
Next the frequency response of the system is given;

Note that the magnitude response (left) still has a small peak near the resonance frequency.
Case 3: Critically Damped
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The impulse response is shown below.

Note that the oscillations have disappeared here,[2].
Next the pulse response is given.

Next the response to the pulse train is given. Here the oscillations due to the input are
about a positive displacement of the spring.
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Finally, we show the frequency response of this system.

Note there is no peak in the magnitude response (left). This has the appearance of a
“second order Butterworth filter”. [3]
Case 4: Overdamped

The impulse response for this case is shown next. There are no oscillations. The decay is purely
exponential,[2].
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The next figure shows the response of this system to the pulse input.

Next the systems response to the pulse train is given.

The remaining figures indicate the magnitude and phase response of the system.
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The results given in the cases were expected. The two underdamped cases showed oscillations in
the impulse response and more so in the heavily underdamped case. Their frequency responses
showed a peak at or near the resonance frequency as expected.
For the critically damped and overdamped cases, the impulse responses showed no oscillation.
The magnitude of their frequency responses gave no peak at the resonance as expected.

NOMENCLATURE
Symbol

Description

𝜋

Apple Pie

𝜗

What’s a henweigh?

𝐺

Gravitational constant

Value
8 𝑠𝑙𝑖𝑐𝑒𝑠
0.9 𝑘𝑔
6.67408 × 10−11

𝑚3
𝑘𝑔 𝑠 2
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